Rules for integrands of the form (d + ex)" (a + bx + ¢ x?)?

X: j(d+ex)'“ (a+bx+cx?)?dx whenb®-4ac=0 Apez

Derivation: Algebraic simplification
Basis: If b2 -4 ac == @,tl’]él’]a+bx+cx2 = % (§+cx)2
Rule1.2.1.2.2.1:1f b2-4ac==0 A p € Z,then

2\p 1 b 2P
J(d+ex)'“(a+bx+cx) dlx—>—pJ.(d+ex)’"[—+cx] dx
C 2

Program code:

(* Int[(d_.+e_.xx_)"m_.x(a_+b_.*X_+C_.*X_"2)"p_.,x_Symbol] :=
1/c”p*Int[ (d+exx) mx (b/2+c*Xx) " (2xp) ,Xx] /;
FreeQ[{a,b,c,d,e,m},x] &% EqQ[b"2-4xaxc,0] && IntegerQ[p] =*)



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

0: J(d+ex)m(a+bx+cx2)pdx whenb?-4ac#0 A cd’-bde+ae?==0 A (P€ZVb=0Aa>0Ad>0Am+peZ)

Derivation: Algebraic simplification
Basis:If cd?-bde+ae?=-0,thena+bx+cx?= (d+ex) (%Jr x)
Basis:If cd®+ae?=0 A a>0 Ad>0,then (a+cx?)’ = (a- M)pzz (d+ex)P (2 + <x)P

Rule1.2.1.2.3.1:1f b2-4ac+0@ A cd’-bde+ae’?=0 A (pcZVb=0Aa>0Ad>0Am+peZ),then

a cx\p
J(d+ex)’“ (a+bx+cx?)Pdx — J(d+ex)'“"p (E+ —) dx
e

Program code:

Int[(d_+e_.*x_)"m_.*(a_.+b_.*x_+c_.*x_"2)*p_.,x_Symbol] :=
Int[ (d+exx)” (m+p) *x (a/d+c/exx)p,x] /;
FreeQ[{a,b,c,d,e,m},x] &% NeQ[b”2-4xaxc,0] && EqQ[cxd*2-bxdre+axe”2,0] && IntegerQ[p]

Int[(d_+e_.*x_)"m_.*(a_+C_.*Xx_"2)"p_.,x_Symbol] :=
Int[ (d+exx)” (m+p) *» (a/d+c/exx)*p,x] /;
FreeQ[{a,c,d,e,m,p},x] &% EqQ[c*d"2+axe”2,0] &% (IntegerQ[p] || GtQ[a,0] && GtQ[d,0] && IntegerQ[m+p])



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

1. j(d+ex) (a+bx+cx?)Pdx

1. J(d+ex) (a+bx+cx?)Pdx when2cd-be=0

d+ex
1: —dx when2cd-be=0
a+bx+cx?

Derivation: Integration by substitution

Basis:If 2cd - be = 0, then (d+ex) Fla+bx+cx?] = %Subst[F[x], X; a+bx+cx?] & (a+bx+cx?)

Rule1.2.1.2.1.1.1:1f 2cd - b e = 9, then

dLog[a+bx+cx?]

d+ex d 1 N
J—dlx — —Subst[J—dlx, X, a+bx+cx] —
a+bx+cx? b X b

Program code:

Int[(d_+e_.xx_)/(a_.+b_.*X_+C_.*x_"2),x_Symbol] :=
dxLog [RemoveContent [a+bxx+c*x*2,x]]1/b /;
FreeQ[{a,b,c,d,e},x] & & EqQ[2xcxd-bxe,0]



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

2: J-(d+ex) (a+bx+cx?)?dx when2cd-be=0 A p#-1

Derivation: Integration by substitution

Basis:If 2cd-be == 9, then (d+ex) Fla+bx+cx?] = %Subst[F[x], X, a+bx+cx?] & (a+bx+cx?)

Rule1.2.1.2.1.1.2:If 2cd-be =0 A p + -1, then

d (a+bx+cx2)p+1

2\p d 2
J(d+ex) (a+bx+cx?) dlx—»—Subst[prdx,x,a+bx+cx] —
b b (p+1)

Program code:

Int[(d_+e_.*x_)#*(a_.+b_.*x_+C_.*x_"2)"p_.,x_Symbol] :=
dx (a+bxx+c*x”2)~ (p+1) / (bx (p+1)) /;
FreeQ[{a,b,c,d,e,p},x] &% EqQ[2xcxd-bxe,0] && NeQ[p,-1]



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

2. J(d+ex) (a+bx+cx?*)Pdx when2cd-be+0
L~JM+ex)@+bx+cxﬂdeWMn2cd—be¢0ApeZA(p>0va=0)

1: J(d+ex) (a+bx+cx?)Pdx when2cd-be#@ A pez*A cd’-bde+ae?=0

Derivation: Algebraic simplification

Basis:If cd? -bde+ae?=0,thena+bx+cx?= (d+ex) (%Jr%)
 Rule1.2.1.2.12.1.1:f2cd-be+@ Apez' A cd®-bde+ae? - 0,then

a cx\p
j(d+ex) (a+bx+cx?)Pdx — J‘(d+ex)'{’"1 (E+_) dx
e

Program code:

Int[(d_+e_.*x_)*(a_.+b_.*x_+C_.*x_"2)"p_.,x_Symbol] :=
Int[ (d+exx)” (p+1) » (a/d+c/exx) " p,x] /;
FreeQ[{a,b,c,d,e},x] &% NeQ[2xcxd-bxe,0] && IGtQ[p,0] && EqQ[cxd"2-bxdxe+axe”2,0]



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

2: j(d+ex) (a+bx+cx*)?dx when2cd-be#@ ApeZ A (p>0 V a==0)

Derivation: Algebraic expansion

Rule1.2.1.2.1.2.1.2:1f 2cd-be+@ A peZ A (p>0 V a-=0),then

J(d+ex) (a+bx+cx*)?Pdx — JExpandIntegrand[(d+ex) (a+bx+cx?)P, x] dax

Program code:

Int[(d_.+e_.*x_)*(a_.+b_.*X_+C_.*x_"2)"p_.,x_Symbol] :=
Int [ExpandIntegrand[ (d+exX) * (a+b*x+c*x”2) *p,x],x] /;
FreeQ[{a,b,c,d,e},x] &% NeQ[2xcxd-bxe,0] && IntegerQ[p] && (GtQ[p,9] || EgQ[a,0])



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

d+ex
2. J-—dlx when2cd-be#0 A b2-4ac#0
a+bx+cx?

d+ex
1: j—dlx when2cd-be#0 A b2-4ac#0 A NiceSqr‘tQ[bz—4ac]
a+bx+cx?

Reference: G&R 2.161.1a & G&R 2.161.3

Derivation: Algebraic expansion

: cd-e (B-2¢ cd-e (2.9
Basis: Letq = 1/ b%? - 4 a c ,then —d+&x_ - —— o) s Le3)
a+b x+c x (;—;L X q X)

b _a b a
d+ex cd—e(z-z) 1 cd—e(2+2) 1
—Zd]x—> dx - dx
a+bx+cx q §—§+cx q E+§+cx

Program code:

Int[(d_.+e_.*x_)/(a_+b_.*x_+c_.*x_"2),x_Symbol] :=

With[{q=Rt[b*2-4xaxc,2]},

(cxd-ex (b/2-q/2)) /q*Int[1/ (b/2-q/2+c*X) ,x] - (cxd-ex(b/2+q/2))/q*Int[1/(b/2+q/2+Cc*X),x]] /;
FreeQ[{a,b,c,d,e},x] & & NeQ[2xcxd-bxe,0] & & NeQ[b”"2-4xaxc,0] && NiceSqrtQ[b”"2-4xaxc]

Int[(d_+e_.*x_)/ (a_+c_.*x_"2),x_Symbol] :=

With[{g=Rt[-axc,2]},

(e/2+cxd/ (2xq) ) *Int[1/ (-q+c*X) ,X] + (e/2-c*xd/ (2%q))*Int[1/ (q+c*X),x]] /;
FreeQ[{a,c,d,e},x] && NiceSqrtQ[-ax*c]



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

d+ex
2: j dx when2cd-be#8 A b>-4ac#0@ A -NiceSqrtQ[b?-4ac]
a+bx+cx?

Reference: A&S 3.3.19

Derivation: Algebraic expansion

Basis: —dtex  __ ( _ b_9> 1 L _e(b2cx)

a+bx+cx? 2c/ a+bx+cx®*  2c (a+bx+cx?)
Note: -t2<x_js easily integrated using the rules forwhen2 cd -b e =

Rule1.2.1.2.1.22.2:1f 2cd-be+0© A b2-4ac+0 A - NiceSqr‘tQ[b2 ~4ac],then

d+ex 2cd-be 1 e b+2cx
J‘—dlx—) J dx + — — dx
a+bx+cx? 2¢ a+bx+cx? 2cJa+bx+cx?

Program code:

Int[(d_.+e_.*x_)/(a_+b_.*x_+C_.*x_"2),x_Symbol] :=
(* (d-bxe/ (2xc))*Int[1/ (a+bx*X+C*Xx*2),X] + *)

(2xcxd-bxe) / (2xc) *Int[1/ (a+bxx+c*x*2) ,x] + e/ (2xc) *Int[ (b+2xc*Xx) / (a+bxx+c*x"2),x] /;
FreeQ[{a,b,c,d,e},x] & NeQ[2xcxd-bxe,0] 8&& NeQ[b"2-4xaxc,8] & Not[NiceSqrtQ[b 2-4xaxc]]

Int[(d_+e_.*x_)/ (a_+c_.*x_"2),x_Symbol] :=
dxInt[1/ (a+Cc*Xx*2),x] + exInt[x/ (a+c*xx"2),x] /;
FreeQ[{a,c,d,e},x] && Not[NiceSqrtQ[-axc]]



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

3. J-(d+ex) (a+bx+cx?)?dx when2cd-be#0 A b>-4ac#0 A p<-1

d+ex
1: J dx when 2cd-be#0 A b2-4ac#0
a+bx+cx 3/2

Derivation: Quadratic recurrence 2a

Rule1.2.1.2.1.2.3.1:1f 2cd-be +© A b>-4ac + 0, then

d+ex 2(bd-2ae+ (2cd-be) x)
—s/zdlx—) -
(a+bx+cx?) (b2-4ac) Va+bx+cx?

Program code:

Int[(d_.+e_.*x_)/(a_.+b_.*x_+c_.*x_"2)"(3/2),x_Symbol] :=
-2% (bxd-2xaxe+ (2xcxd-bxe) xx) / ((b”"2-4xaxc) xSqrt[a+bxx+cxx"2]) /;
FreeQ[{a,b,c,d,e},x] && NeQ[2xcxd-bxe,0] && NeQ[b”*2-4xaxc,0]

Int[(d_+e_.*x_)/ (a_+c_.*x_"2)"(3/2),x_Symbol] :=
(-axe+c*xd*x) / (axcxSqrt[a+cxx"2]) /;
FreeQ[{a,c,d,e},x]



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p 10

2: j(d+ex) (a+bx+cx*)?dx when 2cd-be#8 A b>-4ac#0 Ap<-1A p#—%

Derivation: Quadratic recurrence 2a

Rule1.2.1.2.1232:1f 2cd-be+0@ A b*-4ac+0@ A p<-1Ap#-3,then

J(d+ex) (a+bx+cx2)pdlx —

(bd-2ae+ (2cd-be)x) (a+bx+cx?)P?  (2p4+3) (2cd-be)

j(a+bx+cx2)p*1dx
(p+1) (b*-4ac) (p+1) (b*-4ac)

Program code:

Int[(d_.+e_.*x_)*(a_.+b_.*x_+c_.*x_"2)"p_,x_Symbol] :=

(bxd-2xaxe+ (2xcxd-bxe) xx) / ((p+1) * (b*2-4xaxC) ) x (a+b*xx+C*x"2) " (p+1) -

(2%xp+3) * (2xcxd-bxe) / ((p+1) * (b*2-4xaxc) ) *xInt[ (a+bxx+c*x*2)~ (p+1),x] /;
FreeQ[{a,b,c,d,e},x] &% NeQ[2xcxd-bxe,0] && NeQ[b"2-4xaxc,0] && LtQ[p,-1] && NeQ[p,-3/2]

Int[(d_+e_.*Xx_)#*(a_+C_.*Xx_"2)"p_,x_Symbol] :=
(axe-cxdxX) / (2%xa*xCx (p+1) ) » (a+C*x"2) * (p+1) +
dx (2xp+3) / (2%a* (p+1) ) *Int [ (a+c*x"2)* (p+1),x] /;
FreeQ[{a,c,d,e},x] && LtQ[p,-1] && NeQ[p,-3/2]



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

4: J(d+ex) (a+bx+cx?)?dx when2cd-be#6 A p#-1

Reference: G&R 2.181.1, CRC 119
Derivation: Special quadratic recurrence 3a

Rule1.2.1.2.1.2.4:If 2cd-be +0 A p £ -1, then

e(a+bx+cx2)ID+1 2cd-be

f(d+ex) (a+bx+cx2)pd1x—» +
2c (p+1) 2c

Program code:

Int[(d_.+e_.*x_)*(a_.+b_.*x_+c_.*x_"2)"p_,x_Symbol] :=
ex (a+bxx+c*x”2) ~ (p+1) / (2%xc* (p+1)) + (2xcxd-bxe)/ (2xc)*Int[ (a+bxx+cxx*2)” p,x] /;
FreeQ[{a,b,c,d,e,p},x] & & NeQ[2xcxd-bxe,0] && NeQ[p,-1]

Int[(d_+e_.*Xx_)#*(a_+C_.*X_"2)"p_.,x_Symbol] :=
ex (a+C*xx"2) "~ (p+1) / (2xc* (p+1)) + dxInt[ (a+c*x”*2)”p,x] /;
Fl"eeQ[{a:C,d:e,P},X] && NeQ[p,—l]

J(a+bx+cxz)pdlx

11



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

2. j(d+ex)'“ (a+bx+cx*)?dx whenb*-4ac=0 Ap¢z
1. J(d+ex)m(a+bx+cx2)pdx whenb?-4ac=0 Ap¢Z A 2cd-be=0
1. J(d+ex)m(a+bx+cx2)pdx whenb?-4ac=0 Ap¢Z A 2cd-be=0 Amez

1: J-(d+ex)” (a+bx+cx?)?dx whenb®-4ac=0 Ap¢zZ A2cd-be=0 A fez

Derivation: Algebraic simplification

Basis:If b2-4ac=0 A2cd-be=0 A %Ez,then (d+ex)m(a+bx+cx2)p==:—;z(a+bx+cx2)p+2_

Rule12.1.22.21.1.1:1f b>-4ac=0 Ap¢Z A2cd-be=0 A T czthen

m

= J(a+bx+cx2)p+;dx

j(d+ex)’“ (a+bx+cx?)?Pdx — -
c

Program code:
Int[(d_+e_.*x_)"m_x(a_+b_.*x_+c_.*x_"2)"p_,x_Symbol] :=

e m/c”r(m/2) *Int[ (a+bxx+cxx*2)~ (p+m/2),x] /;
FreeQ[{a,b,c,d,e,p},x] & & EqQ[b”2-4xaxc,0] && Not[IntegerQ[p]] && EqQ[2xcxd-bxe,0] && IntegerQ[m/2]

12



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

m-1

2: J-(d+ex)” (a+bx+cx?)?dx whenb®-4ac=0 Ap¢zZ A2cd-be=0 A rez Am#l

Derivation: Algebraic simplification

m-1

Basis:If b2-4ac=0 A2cd-be=0 A % € Z,then (d+ex)m(a+bx+cx2)p==%(d+ex) (a+bx+cx2)p+f

C

Rule1.2.1.22.2.1.1.2:1f b>-4ac=0 Ap¢Z A2cd-be=0 A "2 cz Am#1 then

1

em—1 me
- J(d+ex) (a+bx+cx?)P 7 dx
E

J(d+ex)'“ (a+bx+cx*)?dx —
c

Program code:

Int[(d_+e_.*x_)"m_=*(a_+b_.*x_+C_.*x_"2)”"p_,x_Symbol] :=
er(m-1) /¢~ ((m-1) /2) »Int [ (d+e*X) * (a+b*xx+Cc*x"2) ~ (p+ (m-1) /2) ,x] /;
FreeQ[{a,b,c,d,e,p},x] &% EqQ[b"2-4xaxc,0] & & Not[IntegerQ[p]] && EqQ[2xcxd-bxe,0@] && IntegerQ[ (m-1)/2]
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

2: J-(d+ex)’“(a+bx+cx2)pdlx whenb?-4ac=0 Ap¢Z A2cd-be=0 Ame¢z

Derivation: Piecewise constant extraction

Basis:If b>-4ac=-0 A2cd-be = 0, then o, l2xexl’ .

ex) 2P

(a+bx+cx?)?
j(d+ex)'" (a+bx+cx?)?Pdx — —J(d+ex)m+zpdx
(d +ex)?P

Program code:

Int[(d_+e_.*x_)"m_x(a_+b_.*x_+c_.*x_"2)"~p_,x_Symbol] :=
(a+bxx+c*x”2) *p/ (d+exx) ~ (2xp) *Int [ (d+exx)~ (m+2xp) ,x] /;
FreeQ[{a,b,c,d,e,m,p},x] && EqQ[b"2-4xaxc,0] &% Not[IntegerQ[p]] && EqQ[2xcxd-bxe,0] && Not[IntegerQ[m]]

14



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

2. J(d+ex)'"(a+bx+cx2)pd1x whenb?-4ac=0 Ap¢Z A2cd-be+0

1: J(d+ex)m(a+bx+cx2)pdx whenb?-4ac=0 Ap¢Z A2cd-be#@ AmeZ*Am-2p+1:==0

Derivation: Piecewise constant extraction and algebraic expansion

+b x+c x2)P
Basis: If b2 — 4 a ¢ = @, then 6, 22X <17

(%+c x)2p o

Rule1.2.1.2.2.22.1:1f b2-4ac=0Ap¢Z AN2cd-be+@ AmezZ"Am-2p+1-=0,then

(a +bx+c xz) FracPart[p]

) b 2p b
JExpandLlnearProduct [ (— +C x] , (d+ex)", —, c, x] dx
2 2

J(d+ex)’" (a+bx+cx*)?Pdx —

2F Part
cIntPart[p] (g X) racPart[p]

+ C

Program code:

Int[(d_.+e_.*x_)"m_=*(a_+b_.*x_+c_.*x_"2)"p_,x_Symbol] :=
(a+bxx+c*x”2) *FracPart[p]/ (c*IntPart[p]* (b/2+cxx)” (2xFracPart[p])) =
Int[ExpandLinearProduct[ (b/2+c#X)~ (2xp) , (d+exx)"m,b/2,¢c,x],x] /;
FreeQ[{a,b,c,d,e,m,p},x] & & EqQ[b”"2-4xaxc,0] && Not[IntegerQ[p]] && NeQ[2xcxd-bxe,0] && IGtQ[m,0] && EqQ[m-2xp+1,0]

15



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

2: J-(d+ex)’“(a+bx+cx2)pdlx whenb?-4ac=0 Ap¢Z A2cd-be+0

Derivation: Piecewise constant extraction

+ + 2)\P
Basis: If b%> — 4 a ¢ == 0, then o, ia(bbx—c)l)_ _
5+CX

Rule1.2.1.2.2.22.2:1f b2-4ac=0 Ap¢Z A 2cd-be #0,then

(a +bXx+cC XZ) FracPart[p]

b 2p
J\(d+ex)m(a+bx+cx2)pd1x—> (d+ex)" (—+cx) dx
2

b 2 FracPart[p]
cIntPart[p] (; +c x)

Program code:

Int[(d_.+e_.*x_)"m_=*(a_+b_.*Xx_+C_.*x_"2)~p_,x_Symbol] :=
(a+bxx+c*x”2) “FracPart[p]/ (c*IntPart[p]* (b/2+c*x)~ (2xFracPart[p])) *Int[ (d+exx)*mx (b/2+c*x) " (2xp) ,Xx] /;
FreeQ[ {a,b,c,d,e,m,p},x] & & EqQ[b"2-4xaxc,0] && Not[IntegerQ[p]] && NeQ[2xcxd-bxe,0]

16



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

3. f(d+ex)'“ (a+bx+cx2)pd1x whenb?-4ac#0 A cd’>-bde+ae?=0

0: J(ex)"‘ (bx+cx*)Pdx whenpez

Derivation: Algebraic simplification
Rule 1.2.1.2.3.0: If p € z, then

1
J‘(ex)m (bx+cx?)Pdax — —pJ‘(ex)'“+p (b +cx)Pdx
e

Program code:

Int[(e_.*x_)"m_.x(b_.*x_+C_.*x_"2)"p_.,x_Symbol] :=
1/e”p*Int[ (exx)” (m+p) * (b+c*xx) " p,x] /;
FreeQ[{b,c,e,m},x] &% IntegerQ[p]

1: j(d+ex)m(a+bx+cx2)pdx whenb?-4ac#0 A cd’-bde+ae?==0 Ap¢Z Am+p=0

Reference: G&R 2.181.1,CRC 119 withcd? -bde+ae? =0 A m+p =
Derivation: Special quadratic recurrence 2a or 3a withm + p ==

Rule1.2.1.2.3.2.1:1f b>-4ac+0 A cd’-bde+ae?=0 Ape¢Z A m+p = 0,then

e(d+ex)™? (a+bx+cx2)p+1

J(d+ex)“‘ (a+bx+cx*)Pdx —
c(p+1)

Program code:

Int[(d_.+e_.*x_)"m_=*(a_.+b_.*x_+C_.*x_"2)"p_,x_Symbol] :=
ex (d+exx) A (m-1) » (a+b*xx+c*x"2)~ (p+1) / (c* (p+1)) /;
FreeQ[{a,b,c,d,e,m,p},x] && NeQ[b”"2-4xaxc,0] &% EqQ[c*d"2-bxdxe+axe”2,0] & Not[IntegerQ[p]] && EqQ[m+p,0]
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

Int[(d_+e_.*x_)"m_x(a_+C_.*X_"2)"p_,x_Symbol] :=
ex (d+exx) A (m-1) » (a+Cc*x"2) A (p+1) / (c* (p+1)) /;
FreeQ[{a,c,d,e,m,p},x] &% EqQ[c*d"2+axe”2,0] && Not[IntegerQ[p]] && EqQ[m+p,0]

2: J(d+ex)'“(a+bx+cx2)pd1x whenb?-4ac#0 A cd’-bde+ae?==0 ApPe¢Z Am+2p+2==0

Reference: G&R 2.181.4.4

Derivation: Special quadratic recurrence 2b or3b withm + 2 p + 2 ==

Note:lf m+2p+2==0andm + 0,thenp +1 + 0.

Rule1.2.1.2.32.2:1f b2-4ac+0 A cd’-bde+ae?=0 Ape¢Z Am+2p+2=0,then

e(d+ex)" (a+bx+cx2)p+1

J(d+ex)“‘ (a+bx+cx®)?dx —
(p+1) (2cd-be)

Program code:

Int[(d_.+e_.*x_)"m_=*(a_.+b_.*X_+C_.*x_"2)"p_,x_Symbol] :=

ex (d+exXx) “mx (a+bxx+cxx*2)* (p+1) / ((p+1) * (2xcxd-bxe)) /;
FreeQ[{a,b,c,d,e,m,p},x] && NeQ[b”2-4xaxc,0] &% EqQ[c*d"2-bxdxe+axe”2,0] & & Not[IntegerQ[p]] &&% EqQ[m+2xp+2,0]
Int[(d_+e_.xx_)"m_x(a_+C_.*X_"2)"p_,x_Symbol] :=

ex (d+exXx) “mx (a+Ccxx"2) ~ (p+1) / (2xcxd* (p+1)) /;
FreeQ[{a,c,d,e,m,p},x] &% EqQ[c*d"2+axe”2,0] &% Not[IntegerQ[p]] && EqQ[m+2xp+2,0]

3: j(d+ex)2 (a+bx+cx?)?dx whenb*-4ac#0 A cd’-bde+ae’=0@ Ap¢zZ A p<-1

Derivation: Special quadratic recurrence 2a

Rule1.2.1.2.3.23:If b2-4ac+0@ A cd’-bde+ae’?=0 Ape¢Z A p< -1,then
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

e(d+ex) (a+bx+cx?)” g2 2
J}d+exf(a+bx+cxﬂpdx_q ( ! SR )Jxa+bX+cXﬂpﬂdx
c(p+1) c(p+1)

Program code:

Int[(d_.+e_.*x_)"2%(a_.+b_.*x_+c_.*x_"2)"p_,x_Symbol] :
ex (d+exX) * (a+bxx+c*x”2) ~ (p+1) / (c*x (p+1)) - e”2x (p+2)/ (cx (p+1)) *Int[ (a+bxx+c*xx"2) " (p+1),x] /;
FreeQ[{a,b,c,d,e,p},x] &% NeQ[b"2-4xaxc,0] & & EqQ[cxd*2-bxdxe+axe”2,0] && Not[IntegerQ[p]] && LtQ[p,-1]

Int[ (d_+e_.*Xx_)" 2% (a_+C_.*x_"2)"p_,x_Symbol] :=
ex (d+exX) * (a+Cx*x*2) ~ (p+1) / (cx (p+1)) - e”2x(p+2)/ (c* (p+1l))*Int[ (a+cxx*2)” (p+1),x] /;
FreeQ[{a,c,d,e,p},x] & & EqQ[cxd*2+axe”2,0] & & Not[IntegerQ[p]] && LtQ[p,-1]

4: J(d+ex)m(a+bx+cx2)pdx whenb?-4ac#0 A cd’-bde+ae?==0 Ape¢Z AmMeZ A (B<-m<p V p<-m<0)

Derivation: Algebraic simplification

N 2
Basis:If cd”> -bde+ae”=0,thend + e x = 25X

d e
2 4 2
Basis: If cd? + ae? == ©,thend + e x == d? (axex?)
a (d-ex)
 Rule12.12324:1fb2-4ac+0 Acd?-bde+ae2=0ApeZAmeZ A (8<-m<pV p<-m<0),then

(a+bx+cx?)™
(d+ex)" (a+bx+cx dx — - dx
g cx
d

Program code:

Int[(d_+e_.*x_)"m_*(a_.+b_.*Xx_+C_.*x_"2)~p_,x_Symbol] :=
Int[ (a+bxx+c*x”*2)~ (m+p) / (a/d+cxx/e)m,x] /;

FreeQ[{a,b,c,d,e},x] & & NeQ[b”"2-4xaxc,0] && EqQ[c*d*2-bxdxe+axe”2,0] &% Not[IntegerQ[p]] && IntegerQ[m] &&
RationalQ[p] && (LtQ[@,-m,p] || LtQ[p,-m,0]) && NeQ[m,2] && NeQ[m,-1]
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

Int[(d_+e_.*x_)"m_x(a_+C_.*X_"2)"p_,x_Symbol] :=
d” (2xm) /a”mxInt[ (a+Cxx*2) A (m+p) / (d-exx) *m,x] /;

FreeQ[{a,c,d,e,m,p},x] &% EqQ[c*d"2+axe”2,0] && Not[IntegerQ[p]] && IntegerQ[m] &&
RationalQ[p] && (LtQ[@,-m,p] || LtQ[p,-m,0]) && NeQ[m,2] && NeQ[m,-1]

5: J(d+ex)’“(a+bx+cxz)pd1x whenb?-4ac#0 A cd’-bde+ae?=0 Ape¢Z Am+pez*

Reference: G&R 2.181.1, CRC 119 withae?-bde + cd? == 0
Derivation: Special quadratic recurrence 3a
Note:lff p¢Z Am+pez,thenm+2p+1+0.

Rule1.2.1.2.3.25:1f b>-4ac+0 A cd’-bde+ae?=0 Ape¢Z Am+peZ,then

J(d+ex)’" (a+bx+cx2)pd1x —

e(d+ex)"™ (a+bx+cx®)®  (mip) (2cd-be)
+

J‘(d+ex)’"‘1 (a+bx+cx*)?dx
c(m+2p+1) c(m+2p+1)

Program code:

Int[(d_.+e_.*x_)"m_=*(a_.+b_.*Xx_+c_.*x_"2)~p_,x_Symbol] :=
ex (d+exx)~ (m-1) * (a+bxx+c*x"2) ~ (p+1) / (c* (m+2xp+1)) +
Simplify[m+p]* (2xcxd-bxe) / (Cx (Mm+2xp+1) ) *Int[ (d+exXx)” (m-1) x (a+bxx+Ccxx"2) *p,x] /;
FreeQ[{a,b,c,d,e,m,p},x] && NeQ[b”2-4xaxc,0] && EqQ[c*d"2-bxdxe+axe”2,0] & Not[IntegerQ[p]] && IGtQ[Simpli-Fy[m+p] ,0]

Int[(d_+e_.xx_)"m_=*(a_+C_.*x_"2)"p_,x_Symbol] :=

ex (d+exx) ~ (m-1) * (a+Cc*x"2) ~ (p+1) / (C* (m+2xp+1)) +

2*c*d*simplify[m+p]/(c* (Mm+2xp+1) ) *Int[ (d+exx)~ (m-1) * (a+C*x*2) *p,x] /;
FreeQ[{a,c,d,e,m,p},x] & EqQ[cxd"2+axe*2,0] & Not[IntegerQ[p]] && IGtQ[Simplify[m+p],0]
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

6: J(d+ex)'"(a+bx+cx2)pd1x whenb?-4ac#0 A cd’-bde+ae?=0 Ape¢Z Am+2p+2€Z”

Reference: G&R 2.181.4.4

Derivation: Special quadratic recurrence 3b

Note:If b>-4ac+0 Acd’-bde+ae?=-0,then2cd-be 0.
Note:lf p¢zZ Am+2p+2cz,thenm+p+1+0.

Rule1.2.1.2.326:1f b2-4ac+0 A cd’-bde+ae?=0Ape¢Z Am+2p+2eZ,then

J(d+ex)'“ (a+bx+cx?)Pdx —

e(d+ex)" (a+bx+cx?)P? c(m+2p+2
- ( ) + m+2p+2) J‘(d+ex)m*1 (a+bx+cx2)pd1x
(m+p+1) (2cd-be) (m+p+1) (2cd-be)

Program code:

Int[(d_.+e_.*x_)"m_=*(a_.+b_.*x_+C_.*x_"2)"p_,x_Symbol] :=
-ex* (d+exX) “mx (a+b*x+Cc*x"2) A (p+1) / ( (Mm+p+1) x (2xcxd-bxe)) +
c*Simpli-Fy[m+2*p+2]/( (m+p+1) * (2xcxd-bxe) ) »Int [ (d+exx)~ (M+1) » (a+bxx+Cc*x"*2)*p,x] /;
FreeQ[{a,b,c,d,e,m,p},x] && NeQ[b”2-4xaxc,0] &% EqQ[c*d"2-bxdxe+axe”2,0] & Not[IntegerQ[p]] && ILtQ[Simpli-Fy[m+2*p+2] ,0]

Int[(d_+e_.*Xx_)"m_x(a_+C_.*Xx_"2)"p_,x_Symbol] :=
-ex* (d+exX) “mx (a+C*x"2) ~ (p+1) / (2xCcxd* (m+p+1)) +
Simpli-Fy[m+2*p+2]/(2*d* (m+p+1) ) *Int[ (d+exx)~ (m+1l) * (a+C*x*2) *p,x] /;
FreeQ[{a,c,d,e,m,p},x] & EqQ[cxd*2+axe”2,0] & Not[IntegerQ[p]] && ILtQ[Simplify[m+2+p+2],0]
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

1
7:J dx whenb?-4ac#0 A cd’-bde+ae?=0
Vd+ex Va+bx+cx?

Derivation: Integration by substitution

BaS|S: |f C d2 — b d e +a e2 == @, then 1 - 2eSubst[ 1 —, X, \ a+b x+c x? ] 3, A a+b x+c x?
Vd+ex "\ a+bx+cx? 2cd-bese’x Vd+e x Vd+ex
Rule1.2.1.2.32.7:If b>-4ac+0 A cd*>-bde +ae?=0,then
1 1 Va+sbx+cx®
j dx — 2eSubst[J‘—22 dx, X, —]
Vd+ex Va+bx+cx? 2cd-be+e’x Vd+ex

Program code:
Int[1/(Sqrt[d_.+e_.*x_]xSqrt[a_.+b_.*x_+c_.*x_"2]),x_Symbol] :=
2xexSubst[Int[1/ (2xcxd-bxe+e”2xx*2) ,x],X,Sqrt[a+bxx+cxx”*2] /Sqrt[d+exx]] /;
FreeQ[{a,b,c,d,e},x] && NeQ[b”2-4xaxc,0] && EqQ[cxd*2-bxdxe+axe”2,0]
Int[1/(Sqrt[d_+e_.*x_]=*Sqrt[a_+c_.*x_"2]),x_Symbol] :=

2xexSubst[Int[1/ (2xcxd+e”2xXx"2) ,X],X,Sqrt[a+c*xx"2] /Sqrt[d+exx]] /;
FreeQ[{a,c,d,e},x] && EqQ[c*d"*2+axe”2,0]

8. J(d+ex)m(a+bx+cx2)pdx whenb?-4ac#0 A cd®’-bde+ae?==0 Ap>0 Am<0

1: J.(d+ex)"‘(a+bx+cx2)pdlx whenb?-4ac#0 A cd’-bde+ae?=0 Ap>0 A (M<-2VM+2p+1=20) Am+p+1#£0

Reference: G&R 2.265b
Derivation: Special quadratic recurrence 1a

Rule1.2.1.2.3.2.8.1: If
b2-4ac+0 Acd’-bde+ae?=0Ap>0 A (IM<-2VmMm+2p+1==0) Am+p+1<+0,then
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p 23

(d+ex)™! (a+bx+cx?)P cp

J(d+ex)m (a+bx+cx?)?Pdx — J(d+ex)m*2 (a+bx+cx2)p'1d1x

e(m+p+1) e2 (m+p+1)

Program code:

Int[(d_.+e_.*x_)"m_x*(a_.+b_.*x_+c_.*x_"2)~p_,x_Symbol] :=
(d+e*xx)~ (m+1) * (a+bxX+Cc*x"*2) *p/ (ex (m+p+1)) -
cxp/ (e”2% (m+p+1) ) *Int [ (d+exx)* (m+2) x (a+bxx+c*xx"2)* (p-1),x] /;
FreeQ[{a,b,c,d,e},x] &% NeQ[b”2-4xaxc,0] && EqQ[c*xd*2-bxdxe+axe”2,0] && GtQ[p,0] && (LtQ[m,-2] || EqQ[m+2xp+1,0]) && NeQ[m+p+1,0] && IntegerQ[2

Int[(d_+e_.*x_)"m_=*(a_+C_.*x_"2)"p_,x_Symbol] :=
(d+exx) ~ (m+1) * (a+Cc*x*2) *p/ (e*x (m+p+1)) -
cxp/ (e”2% (m+p+1) ) *Int [ (d+exx)~ (m+2) x (a+c*x"2)~(p-1),x] /;
FreeQ[{a,c,d,e},x] &% EqQ[cxd"*2+axe”2,0] && GtQ[p,0] && (LtQ[m,-2] || EqQ[m+2xp+1,0]) && NeQ[m+p+1,0] && IntegerQ[2xp]

2: J(d+ex)m(a+bx+cx2)pdlx whenb?-4ac#0 A cd’-bde+ae?==0 Ap>0 A (-2sm<@ Vm+p+1==0) Am+2p+1#0

Derivation: Special quadratic recurrence 1b

Rule 1.2.1.2.3.2.8.2: If

b2-4ac+0 Acd’-bde+ae?=0Ap>0 A (-2<m<@Vm+p+1==0) Am+2p+1+80,then
J(d+ex)m(a+bx+cx2)pdx —

(d+rex)™ (a+bx+cx?)’ p(2cd-be)

_ J-(d+ex)’"+1 (a+bx+cx2)p'1dlx
e(m+2p+1) e2 (m+2p+1)

Program code:

Int[(d_.+e_.*x_)"m_=*(a_.+b_.*x_+C_.*x_"2)"p_,x_Symbol] :=
(d+exx)~ (m+1) * (a+bxx+c*x"2) *p/ (e*x (M+2xp+1)) -
p* (2xcxd-bxe) / (€72 (m+2xp+1) ) *Int [ (d+exx)” (m+1) » (a+bxx+cxx"*2) " (p-1),x] /;
FreeQ[{a,b,c,d,e},x] & & NeQ[b”"2-4xaxc,0] && EqQ[c*d*2-bxdxe+axe”2,0] && GtQ[p,0] && (LeQ[-2,m,0] || EqQ[m+p+1,0]) && NeQ[m+2xp+1,0] & & IntegerQ



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

Int[(d_+e_.*x_)"m_x(a_+C_.*X_"2)"p_,x_Symbol] :=
(d+exx)~ (m+1) * (a+C*x*2) *p/ (ex (M+2xp+1)) -
2xcxdxp/ (€72% (M+2xp+1) ) xInt [ (d+exx) A (M+1) » (a+C*xx"2) ~(p-1),X] /;
FreeQ[{a,c,d,e},x] &% EqQ[cxd"*2+axe”2,0] && GtQ[p,0] && (LeQ[-2,m,0] || EqQ[m+p+1,0]) && NeQ[m+2xp+1,0] && IntegerQ[2xp]

9. J(d+ex)’“(a+bx+cxz)pd1x whenb?-4ac#0 A cd’-bde+ae?==0 Ap<-1Am>0

1: J(d+ex)m(a+bx+cx2)pdlx whenb?-4ac#0 A cd?’-bde+ae?==0 Ap<-1A0<m<1

Derivation: Special quadratic recurrence 2b

Rule1.2.1.2.3.29.1:1f b2-4ac+0 A cd*>-bde+ae?=0 Ap<-1A0<m<1,then

f(d+ex)'“ (a+bx+cx?)Pdx —

p+1l

(2cd-be) (d+ex)’“(a+bx+cx2) (2cd-be) (m+2p+2)

J~(d+ex)’"‘1 (a+bx+cx2)p+1d1x
e(p+1) (b*-4ac) (p+1) (b*-4ac)

Program code:

Int[(d_.+e_.*x_)"m_=*(a_.+b_.*x_+c_.*x_"2)~p_,x_Symbol] :=
(2xcxd-bxe) x (d+exx) *mx (a+b*x+c*xx"2)~ (p+1) / (ex (p+1) » (b"2-4xaxc)) -
(2xcxd-bxe) x (m+2xp+2) / ( (p+1) * (b"2-4xaxc) ) *Int[ (d+exx)~ (m-1) * (a+bxx+c*x*2)~ (p+1) ,x] /;
FreeQ[{a,b,c,d,e},x] & & NeQ[b”"2-4xaxc,0] && EqQ[c*d*2-bxdxe+axe”2,0] &% LtQ[p,-1] && LtQ[O,m,1] &% IntegerQ[2xp]

Int[(d_+e_.*x_)"m_=*(a_+C_.*x_"2)"*p_,x_Symbol] :=

—-d* (d+exX) “mx (a+C*Xx"2) ~ (p+1) / (2*xaxex (p+1)) +

dx (m+2%p+2) / (2*xa* (p+1) ) *Int[ (d+exx)~ (m-1) * (a+C*x*2)~ (p+1) ,x] /;
FreeQ[{a,c,d,e},x] &% EqQ[c*d*2+axe”2,0] && LtQ[p,-1] && LtQ[O,m,1] && IntegerQ[2xp]



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

2: J(d+ex)’“(a+bx+cx2)pd1x whenb?-4ac#0 A cd>-bde+ae?=0 Ap<-1Am>1

Derivation: Special quadratic recurrence 2a

Rule1.2.1.2.2.39.2:If b>-4ac+0 A cd*>-bde+ae?=0 A p< -1 Am>1,then

J(d+ex)'" (a+bx+cx2)pd1x —

e(d+ex)™ (a+bx+cx?)P! o2 (m4p)

~J.(d+ex)'“‘2 (a+bx+cx2)p+1dlx
c(p+1) c(p+1)

Program code:

Int[(d_.+e_.*x_)"m_x*(a_.+b_.*Xx_+c_.*x_"2)~p_,x_Symbol] :=
ex (d+exx)* (m-1) x (a+bxx+c*x"2)~ (p+1) / (c* (p+1)) -
e"2x (m+p) / (c* (p+1) ) *Int[ (d+exx)~ (m-2) » (a+bxx+c*x"2) " (p+1) ,x] /;
FreeQ[{a,b,c,d,e},x] & & NeQ[b”"2-4xaxc,0] && EqQ[c*d*2-bxdxe+axe”2,0] &% LtQ[p,-1] &% GtQ[m,1] && IntegerQ[2xp]
Int[ (d_+e_.*x_)"m_x(a_+C_.*x_"2)"p_,x_Symbol] :=
ex (d+exx)~ (m-1) » (a+c*x”"2)~(p+1) / (c* (p+1)) -
e"2x (m+p) / (c* (p+1) ) *Int[ (d+exx)~ (m-2) * (a+Cc*x*2) ~ (p+1) ,x] /;
FreeQ[{a,c,d,e},x] &% EqQ[c*d"2+axe”2,0] && LtQ[p,-1] && GtQ[m,1] &% IntegerQ[2xp]

10: j(d+ex)m(a+bx+cx2)pdx whenb?-4ac#0 A cd’-bde+ae?=0 Am>1Am+2p+1+#0

Reference: G&R 2.181.1, CRC 119 withae?-bde+cd? == 0
Derivation: Special quadratic recurrence 3a

Rule1.2.1.2.3.2.10:1f b>-4ac+0 A cd’-bde+ae?=0 Am>1 Am+2p+1+0,then

j(d+ex)'" (a+bx+cx?)Pdx —
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

e(d+ex)™? (a+bx+cx2)ID+1

(m+p) (2cd-be)
"

J~(d+ex)’“‘1 (a+bx+cx2)"d1x
c(m+2p+1) c(m+2p+1)

Program code:

Int[(d_.+e_.*x_)"™m_=*(a_.+b_.*x_+C_.*x_"2)"p_,x_Symbol] :=
ex (d+exx)~ (m-1) * (a+bxx+c*x"2) ~ (p+1) / (c* (m+2xp+1)) +
(m+p) * (2xcxd-bxe) / (c*x (M+2xp+1) ) *Int [ (d+e*xx)* (Mm-1) * (a+bxx+c*x*2) *p,x] /;
FreeQ[{a,b,c,d,e,p},x] & & NeQ[b”"2-4xaxc,0] && EqQ[c*xd"2-bxdxe+axe”2,0] & GtQ[m,1] && NeQ[m+2xp+1,0] && IntegerQ[2xp]

Int[(d_+e_.*x_)"m_=*(a_+C_.*x_"2)"p_,x_Symbol] :=
ex (d+exx) ~ (m-1) * (a+C*x"2) ~ (p+1) / (C* (m+2xp+1)) +
2xCxd* (m+p) / (C*x (M+2%p+1) ) *Int[ (d+exx)” (m-1) » (a+Cc*xx"2) *p,x] /;
FreeQ[{a,c,d,e,p},x] &% EqQ[c*xd"2+axe”2,0] && GtQ[m,1] && NeQ[m+2xp+1,0] && IntegerQ[2xp]

11: J(d+ex)m(a+bx+cx2)pdx whenb?-4ac#0 A cd’-bde+ae?==0 Am<@ Am+p+1#0

Reference: G&R 2.181.4.4
Derivation: Special quadratic recurrence 3b
Note:If b2-4ac+0 A cd’-bde+ae?=-0,then2cd-be +0

Rule1.2.1.2.3.2.11:1f b>-4ac+0 A cd’-bde+ae?=0 Am<0O Am+p+1+0,then

J(d+ex)"‘ (a+bx+cx*)?dx —

e(d+ex)™ (a+bx+cx?)P? c(m+2p+2
_ ( ) + m+2p+2) J(d+ex)m+1 (a+bx+cx2)"d1x
(m+p+1) (2cd-be) (m+p+1) (2cd-be)

Program code:

Int[(d_.+e_.*x_)"m_x*(a_.+b_.*Xx_+c_.*x_"2)~p_,x_Symbol] :=
-ex (d+exX) *mx (a+bxx+c*x”2) ~ (p+1) / ((m+p+1) * (2xcxd-bxe)) +
Cx (M+2%p+2) / ((Mm+p+1) » (2xcxd-bxe) ) *Int[ (d+exx)* (m+1) x (a+b*x+c*xx"2) *p,x] /;
FreeQ[{a,b,c,d,e,p},x] & & NeQ[b”*2-4xaxc,0] && EqQ[c*xd"2-bxdxe+axe”2,0] && LtQ[m,0] && NeQ[m+p+1,0] && IntegerQ[2xp]
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

Int[(d_+e_.*x_)"m_x(a_+C_.*X_"2)"p_,x_Symbol] :=
-ex* (d+exX) “mx (a+C*x"2) ~ (p+1) / (2xCxd* (m+p+1)) +
(M+2xp+2) / (2%d* (m+p+1) ) *Int [ (d+exx) ~ (M+1) » (a+C*x"2) *p,x] /;
FreeQ[{a,c,d,e,p},x] &% EqQ[c*d"2+axe”2,0] && LtQ[m,0] &% NeQ[m+p+1,0] && IntegerQ[2xp]

12. J(d+ex)’“(a+bx+cxz)pd1x whenb?-4ac#0 A cd’-bde+ae?==0 A pe¢z

1: J(ex)"‘ (bx+cx*)Pdx whenp ¢z

Derivation: Piecewise constant extraction

ex)" (bx+cx?)P
x™P (b+c x)P

::e

Basis: Oy (

Rule 1.2.1.2.3.2.12.1: If p ¢ Z, then

(ex)" (bx+cx?)?

J(ex)"‘(bx+cx2)pdlx — jx“‘*” (b+cx)Pdx

x™P (b +cx)P

Program code:

Int[(e_.*x_)"m_»(b_.*x_+c_.*x_"2)"p_,x_Symbol] :=
(exX) *m* (bxx+c*x"2) *p/ (X (m+p) * (b+c*xx) *p) *Int [X* (m+p) * (b+c*x) *p,x] /;
FreeQ[{b,c,e,m},x] && Not[IntegerQ[p]]
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

27?2 J.(d+ex)"‘(a+cx2)pd1x whencd?+ae?==@ Ap¢zZ Aa>0 Ad>0

Derivation: Algebraic simplification
Basis:If cd®+ae?=0 Aa>0 Ad>0,then (a+cx?)’ = (a- M)'O:: (d+ex)P |
Rule1.2.1.2.3.2.12.2:1f cd’+ae? =0 Ap¢Z A a>0 A d> 0,then

J(d+ex)m (a+cx?)Pdax — j(d+ex)“‘*" (§+2)pdlx

Program code:

Int[(d_+e_.xx_)"m_x(a_+C_.*X_"2)"p_,x_Symbol] :=
Int[ (d+exx)” (m+p) » (a/d+c/exx)*p,x] /;
FreeQ[{a,c,d,e,m,p},x] &% EqQ[c*d"2+axe”2,0] && Not[IntegerQ[p]] && GtQ[a,0] &&% GtQ[d,0] && Not[IGtQ[m,0]]

2. J.(d+ex)’"(a+bx+cx2)pdlx whenb?-4ac#0 A cd>-bde+ae?==0 Ape¢Z A (MeZ V d>0)

1: J(d+ex)“‘(a+cx2)pd1x whencd?>+ae?=@ Ap¢zZ A (N€ZV d>0) Aa>0

Derivation: Piecewise constant extraction
(a+c Xz) p+l

(142%)P7 (2, ex

Basis: If ¢ d? + a e? == 9, then 64 =0

) p+1

2\ p+l
Basis: If cd? +ae? =0 A a > 0,then farex®)”" paa (_d—ex ) p+1

(1+a37x>p<1 d

Note:If cd*>-bde+ae*=0 AmezZ A (3peZV 4pez),then (d+ex)" (a+bx+cx?)Pisintegrablein
terms of non-hypergeometric functions.

Rule1.2.1.2.3.2.12.3:1f cd?+ae? =0 Ap¢Z A (meZ vV d>0) A a>0,then



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p 29

dm-l 2\ p+1 N
@rex® (asext)rax — LI () (2, S,
(14 82)Pt (2, ex)ped d d e

d d e

e
d ex\m+wp [a cxy\p
— (1+—) (—+—) dx
(3+CX)p+1 J d d e

Program code:

Int[(d_+e_.*x_)"m_x(a_+C_.*x_"2)"p_,x_Symbol] :=
a” (p+1) *d” (m-1) » ( (d-exx) /d)~ (p+1) / (a/d+cxx/e)” (p+1) *Int[ (1+exx/d)~ (m+p) x (a/d+c/exx)*p,x] /;
FreeQ[{a,c,d,e,m},x] & & EqQ[cxd*2+axe”2,0] && Not[IntegerQ[p]] && (IntegerQ[m] || GtQ[d,0]) && GtQ[a,0] &%
Not [IGtQ[m,0] && (IntegerQ[3xp] || IntegerQ[4xp])]

2: J(d+ex)’" (a+bx+cx?)?dx whenb?-4ac#0 A cd’-bde+ae’=@ ApP¢Z A (M€Z V d>0)

Derivation: Piecewise constant extraction

Basis: If cd? - bde + ae? =0, then o4 TORE
+ = E‘F

Note:If cd*-bde+ae?*=0 Amez A (3pezZV 4pez),then (d+ex)" (a+bx+cx?)Pisintegrablein
terms of non-hypergeometric functions.

Rule1.2.1.2.3.2.12.3:1f b2-4ac+0 A cd’-bde+ae?=0 ApeZ A (MmeZ V d>0),then
m + . 2\ FracPart[p] X\ m+ X
J<d+ex>m(a+bx+cwa T (arbxrcx) [+ =)™ (24 2) o
(1+ed_X)Fr‘acPart[p] (3+%)Fracpar‘t[p] d d e

Program code:

Int[(d_+e_.*x_)"m_x(a_.+b_.*x_+c_.*x_"2)"p_,x_Symbol] :=
d*m* (a+bxx+cxx”2) *FracPart[p]/ ( (1+exx/d) *FracPart[p] = (a/d+ (cxx) /e)*FracPart[p]) *Int[ (1+exx/d) " (m+p) x (a/d+c/exx)*p,x] /;
FreeQ[{a,b,c,d,e,m},x] &% NeQ[b"2-4xaxc,0] & & EqQ[cxd*2-bxdxe+axe”2,0] && Not[IntegerQ[p]] && (IntegerQ[m] || GtQ[d,0]) &&
Not [IGtQ[m,0] && (IntegerQ[3xp] || IntegerQ[4xp])]



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

Int[(d_+e_.*x_)"m_x(a_+C_.*X_"2)"p_,x_Symbol] :=
d” (m-1) » (a+Cc*x”2) A (p+1) / ((1+exx/d) ~ (p+1) * (a/d+ (cxx) /e) ~(p+1) ) *Int[ (1+exx/d) ~ (m+p) » (a/d+c/exXx)*p,x] /;
FreeQ[{a,c,d,e,m},x] & EqQ[cxd*2+axe”2,0] & Not[IntegerQ[p]] && (IntegerQ[m] || GtQ[d,9]) && Not[IGtQ[m,0] &% (IntegerQ[3xp]

3: J(d+ex)m(a+bx+cx2)pdx whenb?-4ac#0 A cd’-bde+ae?==0 Ape¢Z A -~ (meZ V d>0)

Derivation: Piecewise constant extraction

Basis: 9, (d=ex)l __ g

(1+5)"

Rule1.2.1.2.3.2.12.3:1f b2-4ac+0 A cd’-bde+ae?=0 Ape¢Z A - (meZ VvV d>0),then

J(1+ ed_X)m (a+bx+cx2)pdlx

dIntPart[m] (d + e X) FracPart[m]

J\(d+ex)m (a+bx+cx?)Pdx —

(1 + ed_X) FracPart[m]

Program code:
Int[(d_+e_.*x_)"m_=*(a_.+b_.*Xx_+C_.*x_"2)"p_,x_Symbol] :=
d*IntPart[m] = (d+exx) “FracPart[m]/ (1+exx/d) ~*FracPart[m] *Int[ (1+exx/d) “mx (a+bxx+c*x"2) *p,x] /;
FreeQ[{a,b,c,d,e,m},x] &% NeQ[b”*2-4xaxc,0] && EqQ[cxd*2-bxdxe+axe”2,0] & & Not[IntegerQ[p]] && Not[IntegerQ[m] || GtQ[d,0]]
Int[(d_+e_.xx_)"m_=*(a_+C_.*x_"2)"*p_,x_Symbol] :=

d*IntPart[m] = (d+exx) “FracPart[m]/ (1+exx/d) ~*FracPart[m] *Int[ (1+exx/d) “mx (a+c*x"2)*p,x] /;
FreeQ[{a,c,d,e,m},x] &% EqQ[cxd"2+axe”2,0] && Not[IntegerQ[p]] && Not[IntegerQ[m] || GtQ[d,0]]

4. J(d+ex)"‘(a+bx+cx2)pdlx when b>-4ac#0 A 2cd-be=0

1. J(d+ex)m(a+bx+cx2)pdx whenb?-4ac#0@ A 2cd-be=0 Am+2p+3=0

1
1:J~ dx whenb?-4ac#0 A 2cd-be=0
(d+ex) (a+bx+cx?)

Derivation: Algebraic expansion

30
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p
4bc b2 (d+e x)

. B o 1 o
Basis:If 2cd -be = @, then (d+ex) (a+bx+cx?) - d (b2-4ac) (b+2cx) " d? (b?-4ac) (a+bx+cx?)

Rule1.2.1.2.3.1.1:1f b?>-4ac+0 A 2cd-be =9, then

1 4bc 1 b2 d+ex
J dx — - J dx + J dx
(d+ex) (a+bx+cx?) d(b?-4ac) Jb+2cx d?> (b*-4ac) Ja+bx+cx?

Program code:
Int[1/((d_+e_.*x_)*(a_.+b_.xx_+c_.xx_"2)),x_Symbol] :=
-4xbxc/ (d* (b*2-4xaxc)) *Int[1/ (b+2*xCc*xX) ,X] +
b”2/ (d*2% (b”2-4xaxc) ) *xInt[ (d+exx) / (a+bxx+c*x"2) ,x] /;
FreeQ[{a,b,c,d,e},x] && NeQ[b”2-4xaxc,0] && EqQ[2xcxd-bxe,0]

2: j(d+ex)m(a+bx+cx2)pdx whenb?-4ac#0 A 2cd-be=0 Am+2p+3=0 Ap#-1

Derivation: Derivative divides quadratic recurrence 2b or 3bwithm + 2 p + 3 ==

) Rule1.2.1.2.3.1.2:1f b2-4ac+0@ A2cd-be=0 Am+2p+3==0 A p+-1,then

2c (d+ex)™?! (a+bx+cx2)p+1

J‘(d+ex)m (a+bx+cx*)?Pdx —
e(p+1) (b*-4ac)

Program code:

Int[(d_+e_.*x_)"m_=*(a_.+b_.*X_+C_.*x_"2)"p_.,x_Symbol]

2xCx (d+exx) A (m+1) * (a+bxx+c*x”*2) ~ (p+1) / (e*x (p+1) » (b*2-4xaxc)) /;
FreeQ[{a,b,c,d,e,m,p},x] & NeQ[b”"2-4xaxc,0] && EqQ[2xcxd-bxe,0] & & EqQ[m+2xp+3,0] && NeQ[p,-1]
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

2: J(d+ex)'“(a+bx+cx2)pd1x whenb?-4ac#0 A 2cd-be=0 A pez*

Derivation: Algebraic expansion

Rule1.2.1.2.3.2:1f b2-4ac+0@ A 2cd-be=0 A pez,then

J(d+ex)'“ (a+bx+cx*)?Pdx — JExpandIntegrand[(d+ex)m (a+bx+cx?)?, x] dx

Program code:

Int[(d_.+e_.*x_)"m_=*(a_.+b_.*x_+c_.*x_"2)"p_.,x_Symbol] :=
Int [ExpandIntegrand[ (d+exXx) *mx (a+bxx+c*x*2) *p,x],x] /;
FreeQ[{a,b,c,d,e,m},x] &% NeQ[b”2-4xaxc,0] && EqQ[2xcxd-bxe,0] && IGtQ[p,0] && Not[EqQ[m,3] && NeQ[p,1]]
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

3. J(d+ex)'"(a+bx+cx2)pd1x whenb?-4ac#@ A 2cd-be=0 Am+2p+3#0 A p>0

1: J(d+ex)m(a+bx+cx2)pdx whenb?-4ac#0 A 2cd-be=0 Am+2p+3#0 Ap>0 Am<-1

Derivation: Derivative divides quadratic recurrence la

Derivation: Inverted integration by parts

Rule1.2.1.2.3.3.1:1f b>-4ac+0@ A2cd-be=0 Am+2p+3+0 A p>0 A m< -1,then
p (d+ex)™? (a+bx+cx?)P b - 2\ pot
j(d+ex)'“(a+bx+cx) dx — e(fn+1) ) _de(mp+1) ~J-(d+ex) (a+bx+cx?)Pdx

Program code:

Int[(d_+e_.*x_)"m_*(a_.+b_.*x_+C_.*x_"2)"p_.,x_Symbol] :=
(d+exx) ~ (m+1) * (a+bxx+cxx”2) *p/ (ex (m+1)) -
bxp/ (dxex (m+1) ) *Int [ (d+e*x) * (M+2) » (a+bxx+cxx*2)* (p-1) ,x] /;

FreeQ[{a,b,c,d,e},x] && NeQ[b*2-4xaxc,0] && EqQ[2xcxd-bxe,0] && NeQ[m+2xp+3,0] & GtQ[p,0] && LtQ[m,-1] &%
Not [IntegerQ[m/2] && LtQ[m+2xp+3,0]] && IntegerQ[2xp]
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

2: J(d+ex)m(a+bx+cx2)pdx whenb?-4ac#0 A 2cd-be=0 Am+2p+3#0 Ap>0 Am¢-1

Derivation: Derivative divides quadratic recurrence 1b

Rule1.2.1.2.3.3.2:1f b>-4ac+0@ A2cd-be=0 Am+2p+3+0 Ap>0 Am¢ -1,then

(d+ex)™! (a+bx+cx?)? dp (b?-4ac)

j(d+ex)’" (a+bx+cx?)Pdx — J-(d+ex)'“ (a+bx+cx2)p'1d1x

e(m+2p+1) _be(m+2p+1)

Program code:

Int[(d_+e_.*x_)"m_*(a_.+b_.*x_+C_.*x_"2)"p_.,x_Symbol] :=
(d+e%x) ~ (m+1) * (a+bxX+C*X"2) ~p/ (€% (M+2xp+1)) -
dxp*x (br2-4xaxc) / (bxex (m+2xp+1) ) *Int[ (d+exx) *m* (a+bxx+c*x"2)~ (p-1) ,x] /;
FreeQ[{a,b,c,d,e,m},x] && NeQ[b”2-4xaxc,0] && EqQ[2xcxd-bxe,0] && NeQ[m+2xp+3,0] && GtQ[p,0] &&
Not [LtQ[m,-1]] && Not[IGtQ[ (m-1)/2,0] &% (Not[IntegerQ[p]l] || LtQ[m,2xp])] & RationalQ[m] && IntegerQ[2xp]
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

4. J(d+ex)'"(a+bx+cx2)pd1x whenb?-4ac#@ A 2cd-be=0 Am+2p+3#0 A p<-1

1: J(d+ex)m(a+bx+cx2)pdx whenb?-4ac#0 A 2cd-be=0 Am+2p+3#0 Ap<-1Am>1

Derivation: Derivative divides quadratic recurrence 2a
Derivation: Integration by parts

Rule1.2.1.2.3.4.1:1fb2-4ac+0@ A2cd-be=0 Am+2p+3+0 Ap<-1Am>1,then

d(d+ex)™?! (a+bx+cx2)p"1 de (m-1)

j(d+ex)'" (a+bx+cx?)Pdx — J.(d+ex)'“‘2 (a+bx+cx2)p+1dlx

b(p+1) b (p+1)

Program code:

Int[(d_+e_.*x_)"m_*(a_.+b_.*Xx_+C_.*x_"2)~p_,x_Symbol] :=
d+ (d+exX) ~ (m-1) * (a+bxx+Ccxx*2) ~ (p+1) / (b* (p+1)) -
dxex (m-1) / (bx (p+1) ) *Int[ (d+exx)~ (m-2) * (a+bxXx+Cc*x*2)~ (p+1) ,Xx] /;
FreeQ[{a,b,c,d,e},x] & & NeQ[b”"2-4xaxc,0] &% EqQ[2xcxd-bxe,0] && NeQ[m+2xp+3,0] && LtQ[p,-1] && GtQ[m,1] && IntegerQ[2xp]
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p 36

2: J(d+ex)’“(a+bx+cx2)pd1x whenb?-4ac#@ A 2cd-be=0 Am+2p+3#0 Ap<-1Am31

Derivation: Derivative divides quadratic recurrence 2b

Rule1.2.1.2.342:Ifb2-4ac+0@ A2cd-be=0 Am+2p+3+0 Ap<-1Am3#1,then
+ex)™! (a+bx+cx2)P? + +
J}d+exﬂ(a+bx+cxﬂp&x-a 2c (d+ex)™! (a+bx+cx?) __2ce(m+2p+3) J}d+exﬂ(a+bx+cxﬂpddx
e(p+1) (b*-4ac) e(p+1) (b>-4ac)

Program code:

Int[(d_+e_.*x_)"m_*(a_.+b_.*Xx_+C_.*x_"2)"p_.,x_Symbol] :=
2xCx (d+exx) ~ (m+1) * (A+bxx+c*x"2) ~ (p+1) / (e* (p+1) » (b*2-4xaxc)) -
2xcxe* (m+2xp+3) / (ex (p+1) * (b”2-4xaxc) ) *Int[ (d+exXx) *mx (a+bxx+c*x"2)* (p+1) ,x] /;
FreeQ[{a,b,c,d,e,m},x] && NeQ[b”2-4xaxc,0] &% EqQ[2xcxd-bxe,0] &% NeQ[m+2xp+3,0] && LtQ[p,-1] && Not[GtQ[m,1]] && RationalQ[m] && IntegerQ[2xp]



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

1
S:J dx whenb?-4ac#0 A 2cd-be=0

(d+ex) Va+bx+cx?

Derivation: Integration by substitution

is: - == 0, ——=——— == 4cSubst| ——————, x, Va+bx+cx? | o, Va+bx+cx
Basis:If 2cd - b e == 0, then 1 L x, ¥ 2] oV ?

b’e-4ace+dce
(d+e x) \/ a+b x+c x?

Rule1.2.1.2.35:1f b2-4ac+0 A 2cd-be == 0,then

1 1 N
J dlx—»4cSubst[J dx, X, '\/a+bx+cx ]
(d+ex) Va+bx+cx? b’e-4ace+dcex?

Program code:

Int[1/((d_+e_.*x_)=*Sqrt[a_.+b_.#x_+c_.*x_"2]),x_Symbol] :=
4xcxSubst[Int[1/ (b"2xe-4xaxCcxe+dxCxexX2) ,X],X,Sqrt[a+bxx+cxx"2]] /;
FreeQ[{a,b,c,d,e},x] & & NeQ[b”2-4xaxc,0] && EqQ[2xcxd-bxe,0]



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

(d+ex)" 1
6. J—dlx whenb?-4ac#0 A 2cd—be==e/\m2==4—

Va+bx+cx?

(d+ex)" 1 c
1. J dlxwhenb2-4ac¢e/\2cd-be==0/\m2==4—/\m<e
a+bx+cx

1

dx whenb?-4ac#0 A 2cd-be==0 A —— <0

1:J
b2-4
Vd+ex Va+bx+cx? °c

Derivation: Integration by substitution

Basis:If 2cd-be =0 A 55— < 0,then

b2-4ac
1 __ 4 C 1
Taex vabxicoe e N paac Subst{ —> X, \/d+ex} OxVd+ex
- d? (b>-4ac)
Rule1.2.1.2.36.1.1:1f b>-4ac+0@ A 2cd-be =0 A szﬁ < 0, then
J ! dx — i Subst[f dx, x,Vd+ex]
Vd+ex Va+bx+cx? b -4ac T
(b*-4ac)

Program code:

Int[1/(Sqrt[d_+e_.xx_]*Sqrt[a_.+b_.*x_+c_.*x_"2]),x_Symbol] :=
4/exSqrt[-c/ (b"2-4xaxc) ] +Subst [Int[1/Sqrt[Simp[1-b 24x"4/ (d"2# (b*2-4xaxc)),x]],X],X,Sqrt[d+exx]] /;
FreeQ[{a,b,c,d,e},x] && NeQ[b”2-4xaxc,0] && EqQ[2xcxd-bxe,0] && LtQ[c/ (b*2-4xaxc),0]

d+ex c
2: j dlxwhenb2—4ac¢0/\2cd—be==0Ab2_4ac<0
a+bx+cx

Derivation: Integration by substitution

Basis:If 2cd-be ==0 A 55— < 0,then
bs-4ac
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

_\@_ [_ Subst{ , X, \/d+ex}@X\/d+ex

Va+bx+cx? b2
T (b?-4ac)

-be=0 AN 55— <0,then
4ac

Rule1.2.1.2.3.6.1.2:If b>-4ac+0 A 2cd S
J\ﬁleH i Subst[J\ dx, x,\/d+ex]
Va+bx+cx? e b -4ac bt
(b*-4ac)

Program code:

Int[Sqrt[d_+e_.xx_]/Sqrt[a_.+b_.*x_+c_.*x_"2],x_Symbol] :=
4/exSqrt[-c/ (b"2-4xaxc) ] xSubst [Int[x"2/Sqrt [Simp [1-b"2xx 4/ (d"2x (b*2-4xaxc)),x]],x],x,Sqrt[d+exx]] /;

FreeQ[{a,b,c,d,e},x] &% NeQ[b”2-4xaxc,0] && EqQ[2xcxd-bxe,0] && LtQ[c/ (b*2-4xaxc),0]
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

(d+ex)" 1 c
2: J dlxwhenb2—4ac¢e/\2cd—be==e/\m2==;/\bz_“c{a

a+bx+cx

Derivation: Piecewise constant extraction

¢ [arbx+cx?
. b?-4ac
Basis: Oy -
\ a+b x+c x?

Rule1.2.1.2.3.6.2:1f b2-4ac+0 A2cd-be=0 A m? = i A eoc * 0, then

c (a+b x+c x?

ac bcx c X

b?-4ac b%-4ac b?-4ac

(d+ex)™ b’-4ac J\ (d+ex)™
——— dx — dx
Va+bx+cx? Va+bx+cx? \/ 22

Program code:

Int[(d_+e_.xx_)"m_/Sqrt[a_.+b_.*x_+C_.*Xx_"2],x_Symbol] :=
Sgrt[-c* (a+bx*x+c*x”*2) / (b*2-4xaxc) ] /Sqrt[a+bxx+c*x"2] »
Int[ (d+e*xx) m/Sqrt[-a*xc/ (b”"2-4xaxc) -bxcxx/ (b*2-4xaxc) -c"2xx"2/ (b”"2-4xaxc)],x] /;
FreeQ[{a,b,c,d,e},x] &% NeQ[b”2-4xaxc,0] && EqQ[2xcxd-bxe,0] && EqQ[m"2,1/4]



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

7: J(d+ex)'“(a+bx+cx2)pd1x when b?-4ac#@ A 2cd-be=0 Am+2p+3#0 Am>1Ap¢-1

Derivation: Derivative divides quadratic recurrence 3a
Derivation: Integration by parts

Rule1.2.1.23.7:1f b2-4ac+0 A2cd-be=0 Am+2p+3+0 Am>1Ap<¢ -1,then

2d (d+ex)™? (a+bx+cx2)ID+1 d*> (m-1) (b>-4ac
+

J(d+ex)'“ (a+bx+cx*)?Pdx — ) J\(d+ex)’“‘2 (a+bx+cx?)Pdx

b(m+2p+1) b2 (m+2p+1)

Program code:

Int[(d_+e_.*x_)"m_*(a_.+b_.*Xx_+C_.*x_"2)"p_.,x_Symbol] :=
2xdx (d+exx) ~ (m-1) * (a+bxx+c*x”*2) ~ (p+1) / (bx (m+2xp+1)) +
d*2x (m-1) % (b*2-4%axc) / (b 2% (M+2xp+1) ) xInt [ (d+e%x) ~ (M-2) % (a+bxx+Cxx2) *p,x] /;
FreeQ[{a,b,c,d,e,p},x] && NeQ[b”2-4xaxc,0] && EqQ[2xcxd-bxe,0] && NeQ[m+2xp+3,0] & GtQ[m,1] &&
NeQ[m+2#p+1,0] & (IntegerQ[2xp] || IntegerQ[m] & RationalQ[p] || 0ddQ[m])
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

8: J(d+ex)'“(a+bx+cx2)pd1x whenb?-4ac#@ A 2cd-be=0 Am+2p+3#0 Am<-1Ap30

Derivation: Derivative divides quadratic recurrence 3b

Rule1.2.1.2.3.8:1f b2-4ac+0@ A2cd-be=0 Am+2p+3+0 Am< -1 A p# 0,then
+ex)mt +bx+cx2)P? 2 + +
~J-(d+ex)'“(a+bx+cx2)pdlx—>—Zbd(d ex)™ (a+bx+cx’) + b’ (m+2p+3) j(d+ex)’"*2 (a+bx+cx?)?dx
d*> (m+1) (b>-4ac) d®> (m+1) (b>-4ac)

Program code:

Int[(d_+e_.*x_)"m_*(a_.+b_.*Xx_+C_.*x_"2)"p_.,x_Symbol] :=
-2xbxd* (d+exx) ~ (m+1) » (a+bxx+c*x”2) ~ (p+1) / (d*2% (m+1) * (b~2-4xaxc)) +
b"2% (m+2xp+3) / (d*2*% (m+1) % (b*2-4xaxc) ) *xInt[ (d+exx)* (m+2) x (a+b*x+cxx"2) *p,x] /;
FreeQ[{a,b,c,d,e,p},x] && NeQ[b”2-4xaxc,0] &% EqQ[2xcxd-bxe,0] && NeQ[m+2xp+3,0] & & LtQ[m,-1] &&
(IntegerQ[2+p] || IntegerQ[m] && RationalQ[p] || IntegerQ[ (m+2xp+3)/2])

9: j(d+ex)"‘(a+bx+cxz)pd1x when b>-4ac#0 A 2cd-be=0

Derivation: Integration by substitution

Basis:If 2cd - be == 0, then Flat+bx+cx?] = iSubst[F[a—£+i],x,d+ex] 3 (d+ex)

eZ

Rule1.2.1.2.3.9:1f b2-4ac+0 A 2cd-be == 0,then

m 2\ p E m ﬁ CXZ
(d+ex)" (a+bx+cx?*)?Pdx — —subst| |x" |a- +
e 4c e?

p
] dx, x, d+ex]

Program code:

Int[(d_+e_.*x_)"m_x(a_.+b_.*Xx_+cCc_.*x_"2)"p_.,x_Symbol] :=
1/exSubst [Int [x"mx (a-b"2/ (4%C) + (CxX"2) /e”2) *p,X] ,X,d+exXx] /;
FreeQ[{a,b,c,d,e,m,p},x] & NeQ[b”"2-4xaxc,0] && EqQ[2xcxd-bxe,0]
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1
?:j dx whencd?>+2ae?=0 A a<®
(d +ex) (a+cx2)1/4

Reference: Enestrom index number E688 in The Euler Archive

Rule1.2.1.2.2:If cd?>+2ae?==0 A a< 0,then

oxt | 1/8 1-g2, [ (- Eﬁ)”4
1 1 (—1—7) 1 2ae a a
1/4 dx — 1/4 APCTan[ ]+ 1/4 [ ]
2 2 (-a e 4 (-a e
(d+ex) (a+cx?) (-a) Loeax [ ex (-a) L eax, _1_£+(_1_ﬁ)1’4
2ae a 2ae a a

Program code:

Int[1/((d_+e_.*Xx_)*(a_.+C_.*x_"2)"(1/4)),x_Symbol] :=
1/ (2% (-a)~(1/4) xe) xArcTan[ (-1-cxx"2/a) "~ (1/4) / (1-cxdxXx/ (2xa*e) -Sqrt[-1-cxx*2/a])] +
1/ (4% (-a)~ (1/4) xe) xLog[ (1-c*dxx/ (2*axe) +Sqrt[-1-cxx*2/a] - (-1-c*x*2/a) "~ (1/4)) /
(1-cxdxx/ (2xa*xe) +Sqrt[-1-cxx*2/a] + (-1-cx*x*2/a)~(1/4))] /;
FreeQ[{a,c,d,e},x] &% EqQ[c*d"2+2xaxe”2,0] && LtQ[a,0]

5. j(d+ex)'“(a+bx+cx2)pdlx whenb?-4ac#0 A cd’>-bde+ae?#0 A 2cd-be#@ ApeZ A (p>0 V meZ)
1. j(d+ex)'“ (a+cx®)Pdx whencd*+ae’#0 A pez*

1: J(d+ex)’"(a+cx2)pd1x whencd?>+ae?#@ Ap-1eZ*AmeZ*Amsp

Derivation: Algebraic expansion and power rule for integration
Note: This rule removes the one degree term from the polynomial (d +ex)".

Rule:lff cd? +ae?+@ Ap-1cZ*AmeZ*A m=<p,then

j(d+ex)'" (a+cx?)Pdx — emd'"‘ljx (a+cx2)”d1x+j((d+ex)m—emdm‘1x) (a+cx?)Pdx
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emd™? (a+cx2)'°"1
— +J((d+ex)m—emdm'1x) (a+cx?)?dx
2c (p+1)

Program code:

Int[ (d_+e_.*x_)"m_x(a_+C_.*Xx_"2)"p_,x_Symbol] :=
exmxd” (m-1) x (a+Cxx"2) A (p+1) / (2*%C* (p+1)) +
Int[ ( (d+exx)*m-exm»d”® (m-1) *X) * (a+C*Xx"*2)*p,x] /;
FreeQ[{a,c,d,e},x] && NeQ[cxd"2+axe”2,0] && IGtQ[p,1] && IGtQ[m,0] && LeQ[m,p]

2: J(d+ex)’“ (a+cx*)Pdx whencd*+ae’#6 A pez*

Derivation: Algebraic expansion

Rule1.2.1.2.5.2:1f cd’+ae? +0 A p e Z*, then

J(d+ex)'“ (a+bx+cx*)?Pdx — JExpandIntegr‘and[(d+ex)'" (a+bx+cx?)?, x] dx

Program code:

Int[(d_+e_.*x_)"m_*(a_+C_.*x_"2)"*p_.,x_Symbol] :=
Int [ExpandIntegrand[ (d+exXx) *mx (a+c*xx"2) *p,x],x] /;
FreeQ[{a,c,d,e,m},x] && NeQ[cxd"2+axe”2,0] && IGtQ[p,0]
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2: J(d+ex)'“(a+bx+cx2)pd1x whenb?-4ac#0 A cd’-bde+ae’#0 A 2cd-be#@ ApeZ A (p>0V a==0AmeZ)

Derivation: Algebraic expansion

Rule1.2.1.25.2:1f b2-4ac+0@ A cd’>-bde+ae’?20 A2cd-be+@ApecZ A (p>0V a=0AmeZ),then

J(d+ex)'“ (a+bx+cx*)?Pdx — JExpandIntegrand[(d+ex)m (a+bx+cx?)?, x] dx

Program code:

Int[(d_.+e_.*x_)"m_=*(a_.+b_.*x_+c_.*x_"2)"p_.,x_Symbol] :=
Int [ExpandIntegrand[ (d+exXx) *mx (a+bxx+c*x*2) *p,x],x] /;
FreeQ[{a,b,c,d,e,m},x] && NeQ[b”"2-4xaxc,0] && NeQ[cxd"2-bxdxe+axe”2,0] & NeQ[2xcxd-bxe,0] && IntegerQ[p] && (GtQ[p,0] || EqQ[a,0] && IntegerQ[!
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(d+ex)"
6. j—dlx whenb?-4ac#0 A cd>-bde+ae?#0 A 2cd-be#0
a+bx+cx?

(d+ex)"
1. j dx whenb?-4ac#0 A cd>-bde+ae?#0 A 2cd-be#0 Am>0
a+bx+cx?

X_J«/m

> dx whenb?-4ac#0 A cd’-bde+ae?#0 A 2cd-be#0
a+bx+cx

d+ex
1: I dx whenb?-4ac#0 A cd>-bde+ae?#0 A 2cd-be#0 Ab?2-4ac<0
a+bx+cx?

Derivation: Algebraic expansion

Basis: Vd+ex = dwex , daeex
2Vd+ex 24/ d+ex

. . . A+B X 2 o 2 — —-=
Note: Resulting integrands are of the form Tarex (arbxicnd) whereA“ce-2ABcd+B“ (bd-ae)

Note: Although use of this rule when b2 - 4 a ¢ < @ results in antiderivatives superficially free of the imaginary unit but
significantly more complicated than those produced by the following rule.

Rule1.2.1.2.6.1.x.1:1f b?-4ac+0 A cd’-bde+ae?+0 A2cd-be+0 Ab>-4ac<0,let

2 2
q- cd bge+ae ,then

Vd+ex 1 d+q+ex 1 d-q+ex
—zdlx—>— dx + — dx
a+bx+cx 2 J Vd+ex (a+bx+cx2) 2 J Vd+ex (a+bx+cx2)

Program code:

(* Int[Sqrt[d_.+e_.xx_]/(a_.+b_.*x_+c_.*x_"2),x_Symbol] :=
With[{gq=Rt[ (c*d*2-bxdxe+axe”2) /c,2]},
1/2xInt[ (d+gq+exx) / (Sqrt[d+exx] * (a+bxx+c*xx”2)),x] +
1/2xInt[ (d-g+exXx) / (Sqrt[d+exx] * (a+bxx+cxx"2)),x]] /;
FreeQ[{a,b,c,d,e},x] & & NeQ[b”"2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0] &% NeQ[2xcxd-bxe,0] &% LtQ[b”2-4xaxc,0] =x)
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(* Int[Sqrt[d_+e_.xx_]/(a_+Cc_.*Xx_"2),x_Symbol] :=
With[{gq=Rt[ (cxd*2+axe”2) /c,2]},
1/2%Int[ (d+gq+exXx) / (Sqrt[d+exx]* (a+Cxx"2) ) ,Xx] +

1/2%Int[ (d-q+exx) / (Sqrt[d+e*x]* (a+c*x"2)),x]] /;
FreeQ[{a,c,d,e},x] && NeQ[cxd"2+axe”2,0] && LtQ[-axc,0] =*)

d+ex
2: J dx whenb?-4ac#0 A cd®>-bde+ae?#0 A 2cd-be#0 A -(b2—4ac<0)
a+bx+cx?

Derivation: Algebraic expansion
Basis: If g = \/b? -4 ac,then Mdex . __2cdbeea ___2cdbeed
’ a+b x+cx? qVd+ex (b-g+2cx) qVd+ex (b+q+2cx)

Rule1.2.1.2.6.1.x.2:1f b’-4ac+0 A cd? -bde+ae?+O A 2cd-be+0 A - <b2—4ac<@),let

q-\/b?*-4ac,then

Vd+ex 2cd-be+eq 1 2cd-be-eq 1
J—zdlx—> dx - J dx
a+bx+cx a Vd+ex (b-q+2cx) q Vd+ex (b+q+2cx)

Program code:

(* Int[Sqrt[d_.+e_.xx_]/(a_.+b_.*x_+c_.*x_"2),x_Symbol] :=
With[{gq=Rt[b”"2-4xaxc,2]},
(2xcxd-bxe+exq) /q*xInt[1/ (Sqrt[d+exx]* (b-q+2*xCc*X)) ,Xx] -
(2xcxd-bxe-exq) /q*Int[1/ (Sqrt[d+exx]* (b+q+2xcxX)),x]] /;
FreeQ[{a,b,c,d,e},x] && NeQ[b”2-4xaxc,0] &% NeQ[cxd*2-bxdre+axe”2,0] & & NeQ[2xcxd-bxe,0] (* &% Not[LtQ[b”2-4xaxc,0]] =*) =*)

(* Int[Sqrt[d_+e_.xx_]/(a_+c_.*x_"2),x_Symbol] :=
With[{gq=Rt[-axc,2]},
(cxd+exq) / (2%q) *Int[1/ (Sqrt[d+e*xXx] * (-q+C*X) ) ,X] -
(cxd-exq) / (2%q) *Int[1/ (Sqrt[d+e*xx] * (+q+Cc*X) ) ,Xx]] /;
FreeQ[{a,c,d,e},x] &% NeQ[cxd"*2+axe”2,0] (» &% Not[LtQ[-axc,0]] ) =x)
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d+ex
1: j—dlx whenb?-4ac#0 A cd’>-bde+ae?#0 A 2cd-be+#0
a+bx+cx?

Derivation: Integration by substitution

Basis: (d+ex)"F[x] = ASubst[xzm"lF[ﬂ], x, Vd+ex ] g, Vd+ex
e e

Rule1.2.1.26.1.1:1f b2-4ac+0© Acd’-bde+ae?+@ A2cd-be+0
J Vd+ex

a+bx+cx?

x2

dx — 2eSubst [J

4d1x, X, Vd+ex]

cd’-bde+ae?- (2cd-be) x*+cXx

Program code:

Int[Sqrt[d_.+e_.*x_]/(a_.+b_.*X_+C_.*x_"2),x_Symbol] :=
2xexSubst [Int [x"2/ (cxd”2-bxdxe+axe”2- (2xcxd-bxe) *xx*2+cxx*4) ,x],x,Sqrt[d+exx]] /;
FreeQ[{a,b,c,d,e},x] && NeQ[b”2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0] & & NeQ[2xcxd-bxe,0]

Int[Sqrt[d_+e_.xx_]/(a_+C_.*x_"2),x_Symbol] :=
2xexSubst [Int [x"2/ (cxd”2+axe”2-2xCxd*xX"2+CxX 4) ,x],X,Sqrt[d+exx]] /;
FreeQ[{a,c,d,e},x] && NeQ[cxd*2+axe”2,0]

48



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

(d+ex)"
2. J-—dlx whenb?-4ac#0 A cd’>-bde+ae?#0 A 2cd-be#0 Am>1
a+bx+cx?

(d+ex)™
1: J dx whenb?-4ac#0 A cd?’-bde+ae?#@ A 2cd-be#@ AmeZ Am>1A (d#0 V m>2)
a+bx+cx?

Derivation: Algebraic expansion

Rule1.2.1.2.6.1.2.1:If b>-4ac+0 A cd*>-bde+ae?+0 A2cd-be+@ AmezZ Am>1A (d+0 Vv m>2),

then

(d+ex)" e 2
J— dx — jPolynomlalDlVlde[(d+ex)'“, a+bx+cx?, x| dx
a+bx+cx?

Program code:

Int[(d_.+e_.*x_)"m_/ (a_.+b_.*X_+C_.*x_"2),x_Symbol] :=

Int[PolynomialDivide[ (d+exx)~m,a+bxx+cxx"2,x],x] /;
FreeQ[{a,b,c,d,e},x] && NeQ[b”2-4xaxc,0] &&% NeQ[cxd*2-bxdxe+axe”2,0] & & NeQ[2xcxd-bxe,0] && IGtQ[m,1] & & (NeQ[d,0] || GtQ[m,2])
Int[(d_+e_.*x_)"m_/(a_+C_.*x_"2),x_Symbol] :=

Int[PolynomialDivide[ (d+exx)*m,a+c*x*2,x]1,x]| /;
FreeQ[{a,c,d,e},x] &% NeQ[cxd"*2+axe”2,0] && IGtQ[m,1] &% (NeQ[d,0] || GtQ[m,2])

(d+ex)"
2: J dx whenb?-4ac#0 A cd’-bde+ae?#0 A 2cd-be#0 Am>1
a+bx+cx?

Reference: G&R 2.160.3, G&R 2.174.1, CRC 119

Derivation: Quadratic recurrence 3awithA =d,B=e,m=m-1andp = -

Note: G&R 2.174.1 is a special case of G&R 2.160.3.

Rule1.2.1.2.6.1.2.2:1f b>-4ac+0© A cd*>-bde+ae?+0 A2cd-be+0 A m>1,then
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X — dx

(d+ex)" e(d+ex)™ 1 ~(d+ex)"? (cd*-ae*+e(2cd-be)x)
—d —_— + -
ja+bx+cx2 c(m-1) CJ

a+bx+cx?

Program code:

Int[(d_.+e_.*x_)"m_/(a_.+b_.*x_+c_.*x_"2),x_Symbol] :=

ex (d+exx)~(m-1) / (cx (m-1)) +

1/c*Int[ (d+exx) " (m-2) xSimp [cxd"2-axe 2+ex (2xCxd-bxe) *X,X] / (a+bxx+c*x"2) x| /3
FreeQ[{a,b,c,d,e},x] && NeQ[b*2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0] && NeQ[2xcxd-bxe,0] & & GtQ[m,1]

Int[(d_+e_.x*x_)"m_/(a_+Cc_.*x_"2),x_Symbol] :=

ex (d+exx)~(m-1) / (c* (m-1)) +

1/c*Int [ (d+exx) ™ (m-2) *Simp[c*d"Z—a*e"2+2*c*d*e*x,x]/(a+c*x"2) ,x] /;
FreeQ[{a,c,d,e},x] && NeQ[cxd*2+axe”2,0] && GtQ[m,1]

(d+ex)"
2. J—dlx whenb?-4ac#0 A cd>-bde+ae?#0 A 2cd-be#0 Am<0
a+bx+cx

1
1:J dx whenb?-4ac#0 A cd>-bde+ae?#0 A 2cd-be#0
(d+ex) (a

+bx+cx?)

Derivation: Algebraic expansion

BaS|S: 1 == e’ cd-be-cex

(d+ex) (a+bx+cx?) (cd®>-bde+ae?) (d+ex) * (cd*-bde+ae?) (a+bx+cx?)

Rule1.2.1.2.6.2.1:1f b>-4ac+0 A cd*>-bde+ae?+0 A 2cd-be #0,then

1 e? 1 1 cd-be-cex
J~ dx — J~ dx + \f
(d+ex) (a+bx+cx?) cd’-bde+ae? Jd+ex cd’-bde+ae? a+bx+cx?

Program code:

Int[1/((d_.+e_.*x_)*(a_.+b_.*x_+c_.*x_"2)),x_Symbol] :=
er2/ (cxd*2-bxdxe+axe”2) xInt[1/ (d+exXx) ,x] +
1/ (cxd*2-bxdxe+axe”2) xInt[ (cxd-bxe-cxexx) / (a+bxx+c*x"2),x] /;
FreeQ[{a,b,c,d,e},x] && NeQ[b”2-4xaxc,0] && NeQ[cxd"2-bxdxe+axe”2,0] && NeQ[2xcxd-bxe,0]
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Int[1/((d_+e_.*Xx_)#* (a_+Cc_.*Xx_"2)),x_Symbol] :=
er2/ (cxd*2+axe”2) xInt[1/ (d+exXx) ,x] +
1/ (cxd*2+axe”2) xInt[ (cxd-cxexx) / (a+Cc*x"2) ,x] /;
FreeQ[{a,c,d,e},x] && NeQ[cxd"*2+axe”2,0]

1

X.
J‘\/d+ex (a+bx+cx?)

dx whenb?-4ac#0 A cd>-bde+ae?#0 A 2cd-be#0

1

1:
JVd+ex (a+bx+cx?)

dx whenb?-4ac#0 A cd>-bde+ae?#0 A 2cd-be#0 A b’>-4ac<0

Derivation: Algebraic expansion

Basis: 1 -- d:a:ex _ d-grex
2q 2q

. ino i A+B X 2 _ 2 N _
Note: Resulting integrands are of the form Tarex (arbracr] whereA“ce-2ABcd+B° (bd-ae) == 0.

Note: Although use of this rule when b2 - 4 a ¢ < @ results in antiderivatives superficially free of the imaginary unit but
significantly more complicated than those produced by the following rule.

Rule1.2.1.2.6.2x.1:If b?-4ac+0 A cd’-bde+ae?+0 A2cd-be+0 Ab>-4ac<0,let

2 2
q - cdfb(cje+ae ,then

1 1 d+gq+ex 1 d-g+ex
dx — — dx - — dx

JVd+ex (a+bx+cx?) 24 d+ex (a+bx+cx?) 2q d+ex (a+bx+cx?)

Program code:

(» Int[1/(Sqrt[d_.+e_.xx_]=*(a_.+b_.*x_+C_.*x_"2)),x_Symbol] :=
With[{gq=Rt[ (cxd*2-bxdxe+axe”2) /c,2]},
1/ (2%q) *Int[ (d+q+exx) / (Sqrt[d+exx] * (a+bx*x+c*x”*2) ) ,x] -
1/ (2%q) *Int[ (d-q+exx) / (Sqrt[d+e*xx] * (a+bxx+c*x”*2) ) ,x]] /;
FreeQ[{a,b,c,d,e},x] & NeQ[b”"2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0] &% NeQ[2xcxd-bxe,0] &% LtQ[b”2-4xaxc,0] =x)
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(* Int[1/(Sqrt[d_+e_.xXx_]*(a_+C_.*Xx_"2)),x_Symbol] :=
With[{gq=Rt[ (cxd*2+axe”2) /c,2]},
1/ (2xq) *Int[ (d+q+exx) / (Sqrt[d+exx] * (a+C*Xx*2)) ,x] -
1/ (2+q) *Int[ (d-q+e*x) / (Sqrt[d+exx]* (a+c*x"2)),x]] /;
FreeQ[{a,c,d,e},x] && NeQ[cxd"2+axe”2,0] && LtQ[-axc,0] =*)

1
2: J\ dx whenb?-4ac#0 A cd*>-bde+ae?#0 A 2cd-be#0 A - (b2—4ac<0)

Vd+ex (a+bx+cx2)

Derivation: Algebraic expansion

Basis: If g = \/b?-4ac,then —2— . —2c ____2c
a+bx+cx? q (b-g+2cx)  q (b+q+2cX)

Rule1.2.1.2.6.2.x.2:1f b>-4ac+0 A cd’-bde+ae?+0 A2cd-be+0 A - <b2—4ac<@ , let
q-\/b?>-4ac,then
1 1 1

2c 2c
J dx — —J d]x——J
Vd+ex (a+bx+cx?) 49 Jvd+ex (b-q+2cx) 49 JvVd+ex (b+q+2cx)

dx

Program code:

(» Int[1/(Sqrt[d_.+e_.*x_]=*(a_.+b_.*x_+c_.*x_"2)),x_Symbol] :=
With[{q=Rt[b"2-4xaxc,2]},
2xc/q+Int[1/ (Sqrt[d+exx]* (b-q+2%cCc*Xx)),x] -
2xc/q+Int[1/ (Sqrt[d+exx]* (b+q+2xc*x)),x]] /;
FreeQ[{a,b,c,d,e},x] && NeQ[b”2-4xaxc,0] &% NeQ[cxd*2-bxdxe+axe”2,0] & & NeQ[2xcxd-bxe,0] (* & Not[LtQ[b”2-4xaxc,0]] =*) =*)

(* Int[1/(Sqrt[d_+e_.xXx_]*(a_+C_.*x_"2)),x_Symbol] :=
With[{q=Rt[-axc,2]},
c/ (2xq) *Int[1/ (Sqrt[d+exXx] * (-q+C*X) ) ,X] -
c/(2%xq) *Int[1/ (Sqrt[d+exx]* (q+c*X)),x]] /;

FreeQ[{a,c,d,e},x] && NeQ[cxd*2+axe”2,0] (» && Not[LtQ[-axc,0]] ) =*)
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1

2:
J\/d+ex (a+bx+cx?)

dx whenb?-4ac#0 A cd>-bde+ae’?#0 A 2cd-be#0

Derivation: Integration by substitution

Basis: (d+ex)"F[x] = ;Subst[xz"“lF[ﬂ], x, Vd+rex | g, Vd+ex
e e

Rule1.2.1.2.6.2.2:1f b2-4ac+0 Acd’ -bde+ae?+0@ A2cd-be+0

1

J\ld+ex (a+bx+cx?)

1

dx, X, ‘Vd+ex]

dx — 2eSubst
[chz—bde+ae2— (2cd-be) x2+cx*

Program code:

Int[1/(Sqrt[d_.+e_.*x_]*(a_.+b_.*x_+c_.*x_"2)),x_Symbol] :=
2xexSubst[Int[1/ (cxd*2-bxdxe+axe”2- (2xcxd-bxe) ¥*x*2+c*x"4) ,x],Xx,Sqrt[d+exx]] /;
FreeQ[{a,b,c,d,e},x] && NeQ[b”2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0] & & NeQ[2xcxd-bxe,0]

Int[1/(Sqrt[d_+e_.*x_]*(a_+Cc_.*x_"2)),x_Symbol] :=
2xexSubst[Int[1/ (cxd*2+axe”2-2xc*xdxXx*2+c*xx"4) ,Xx],X,Sqrt[d+exx]] /;
FreeQ[{a,c,d,e},x] && NeQ[cxd*2+axe”2,0]



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

(d+ex)"
3: J dx whenb?-4ac#0 A cd’>-bde+ae?#0 A 2cd-be#0 Am<-1
a+bx+cx?

Reference: G&R 2.176, CRC 123
Derivation: Quadratic recurrence3bwithA =1,B=0andp = -1

Rule1.2.1.2.6.2.3:If b>-4ac+0 A cd*>-bde+ae?+0 A2cd-be+0 A m< -1,then

dx — + dx

(d+ex)™ e (d+ex)™?! 1 (d+ex)™! (cd-be-cex)
ja+bx+cx2 (m+1) (ch_bde+ae2) cdz—bde+ae2J

a+bx+cx?

Program code:

Int[(d_.+e_.*x_)"m_/(a_.+b_.*x_+C_.*x_"2),x_Symbol] :=

ex (d+exx)~ (m+1) / ((m+1) * (cxd*2-bxdxe+axe”2)) +

1/ (cxd*2-bxdxe+axe”2) *Int[ (d+exx) ™ (m+1) *Simp[c*d-b*e-c*e*x,x]/(a+b*x+c*x"2) ,x] /3
FreeQ[{a,b,c,d,e,m},x] && NeQ[b”2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0] & NeQ[2xcxd-bxe,0] & LtQ[m,-1]

Int[(d_+e_.xx_)"m_/ (a_+C_.*X_"2),x_Symbol] :=

ex (d+exx)~ (m+1) / ((m+1) * (cxd*2+axe”2)) +

c/ (cxd*2+axe”2) xInt[ (d+exx)~ (m+1) * (d-exX) / (a+C*x"2) ,x] /;
FreeQ[{a,c,d,e,m},x] && NeQ[cxd"2+axe”2,0] && LtQ[m,-1]
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(d+ex)"
3: J dx whenb?-4ac#0 A cd>-bde+ae?#0 A 2cd-be#0 Am¢zZ
a+bx+cx?

Derivation: Algebraic expansion

n
. k2 1 _ 2¢ _ 2¢
Basis: If g = \/ b -4 ac,then atbz+cz2 ~ q(b-gq+2cz)  q (b+g+2cC2)

Rule1.2.1.2.6.3:If b2-4ac+0 A cd>’-bde+ae’?+#0 A2cd-be+0 A mg¢ Z, then

1

(d+ex)™
J— dx — J.(d +ex)" ExpandIntegr‘and[ B x] dx

a+bx+cx? a+bx+cx?

Program code:

Int[(d_.+e_.*x_)"m_/(a_.+b_.*x_+c_.*x_"2),x_Symbol] :=
Int [ExpandIntegrand[ (d+e*x) m,1/ (a+b*x+c*x"2),x],x] /;
FreeQ[{a,b,c,d,e,m},x] &% NeQ[b”2-4xaxc,0] && NeQ[cxd*2-bxdre+axe”2,0] && NeQ[2xcxd-bxe,0] && Not[IntegerQ[m]]

Int[(d_+e_.*x_)"m_/(a_+c_.*x_"2),x_Symbol] :=
Int [ExpandIntegrand[ (d+e*x)*m,1/ (a+c*x”"2),x],x] /;
FreeQ[{a,c,d,e,m},x] & & NeQ[cxd*2+axe”2,0] && Not[IntegerQ[m]]
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7: J(d+ex)m(a+bx+cx2)pdx whenb?-4ac#0 A cd’-bde+ae?#0 A 2cd-be#@ Abd+ae=0 Acd+be=0 Am-pez

Derivation: Piecewise constant extraction

d+ex)P (a+b x+c x?) P

::@

Basis:If bd+ae =0 A cd+be::@,thenc’3x<

(ad+c ex3)p

Rulel1.2.12.7:f bd+ae=0 A cd+be=0 A m-pcz,then

(d + ex) FracPart[p] (a +bx+c XZ) FracPart[p]

FracPart
(ad+cex3) racpartipl

j(d+ex)'" (a+bx+cx?)?Pdx — (d+ex)"P (ad+cex?)’dx

Program code:

Int[(d_.+e_.*x_)"m_=*(a_+b_.*Xx_+c_.*x_"2)"p_,x_Symbol] :=
(d+exx) "FracPart[p] * (a+b*x+c*x"2) *FracPart[p]/ (a*xd+cxexx”*3) *FracPart[p] *Int[ (d+exx)~ (m-p) * (axd+cxexx"3)*p,x] /;
FreeQ[{a,b,c,d,e,m,p},x] && EqQ[bxd+axe,®] & & EqQ[cxd+bxe,0] &% IGtQ[m-p+1,0] && Not[IntegerQ[p]]
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(d+ex)" 1
8. j—dlx whenb?-4ac#0 A cd’-bde+ae?#0 A 2cd—be¢0/\m2==4—

Va+bx+cx?

(d+ex)" .
1. J dlxwhencd-be;eo/\2cd-be¢e/\m2==z
bx+cx

(d+ex)" 1
1: J dlehencd—be;éOA2cd—be¢0Am2==zAc<0Abe]R

bx+cx

Derivation: Algebraic expansion
Basis: If c <@ A b > O,then Vbx+cx? =vx Vb+cx
Basis: If c <@ A b < 0,thenvbx+cx? =+-x V/-b-cx

Basis: If c <@ A beR,thenvbx+cx? = Vbx /1+CTx

Rule1.2.1.2.8.1.1:If cd-be+0@ A 2cd-be #0 A m? == i A €C<O A beR,then

(d+ex)m (d+ex)'"
Vb x+cx? Vox ,

Program code:

Int[(d_.+e_.*x_)"m_/Sqrt[b_.xx_+c_.*x_"2],x_Symbol] :=
Int[ (d+exx)~m/ (Sqrt[bxx]*Sqrt[1l+c/bxx]),x] /;
FreeQ[{b,c,d,e},x] &% NeQ[cxd-bxe,0] && NeQ[2xcxd-bxe,0] && EqQ[m~2,1/4] && LtQ[c,0] && RationalQ[b]

(d+ex)" 1
2: J dlxwhencd-be;eo/\2cd-be¢e/\m2==z
bx+cx

Derivation: Piecewise constant extraction
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Basis: a, YxYbicx g

b x+c x?
Rule1.2.1.2.8.1.2:1f cd-be+0@ A 2cd-be #0 A m? == i,then
(d+ex)m dx Vx Vb+cx (d+ex)" dx
Vbx+cx? Vbx+cx? Vx Vb +cx

Program code:

Int[(d_.+e_.*x_)"m_/Sqrt[b_.*x_+c_.*x_"2],x_Symbol] :=
Sgrt [x] *Sqrt [b+cxx] /Sqrt [bxx+c*x*2] *Int [ (d+exx)*m/ (Sqrt[x] *Sqrt[b+c*x]),x] /;
FreeQ[{b,c,d,e},x] && NeQ[cxd-bxe,0] & NeQ[2xcxd-bxe,0] && EqQ[m"2,1/4]

ex)"
2. J#cﬂx whenb?-4ac#0 A m?=

a
Va+bx+cx?
xm
1: J—d]x whenb?-4ac#0 A m2==%
Va+bx+cx?

Derivation: Integration by substitution

Basis: x"F[x] = 2 Subst[x2™* F[x?], x, \/7] 3V x

Rule1.2.1.2.8.2.1:1f b2-4ac +0 A m? == i,then
J\L dx — ZSubst J . dx, X, W/T]
Va+bx+cx? Va+bx?+cx*

Program code:

Int[x_~m_/Sqrt[a_+b_.*x_+c_.*x_"2],x_Symbol] :=
2xSubst [Int [x~ (2xm+1) /Sqrt[a+bxx"2+c*xx"4],x],x,Sqrt[x]] /;
FreeQ[{a,b,c},x] && NeQ[b”2-4xaxc,0] & EqQ[m"2,1/4]
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ex)m”
2: J.#dlx whenb?-4ac#0 A m2==i

Va+bx+cx?

Derivation: Piecewise constant extraction
Basis: 5, iE—L =0

Rule1.2.1.2.82.2:1f b2-4ac +0 A m? == %,then

m

(ex)" (ex)" X
[ g, em ax
Va+bx+cx? X Va+bx+cx?

Int[(e_*»x_)"m_/Sqrt[a_+b_.*x_+C_.*x_"2],x_Symbol] :=
(exx) *m/x*m+Int [x*m/Sqrt[a+bsx+cxx"*2], X] /;
FreeQ[{a,b,c,e},x] && NeQ[b”2-4xaxc,0] &% EqQ[m"2,1/4]

(d+ex)" 1
3: j—dlx whenb?-4ac#0 A cd’-bde+ae?#0 A 2cd-be¢0/\m2==4—

Va+bx+cx?

Derivation: Piecewise constant extraction and integration by substitution

(d+ex)™ _c a+b x+c x2

Basis: &, T
A/ a+b x+c X2 [i(d‘i;]
ch»be—e\j b2-4ac

m
2c (d+ex ]

2e b2 4ac x?
14—
Bas's- [chfbefe\/b174ac 2\ b%-4ac Subst[[ 2cdbeer/baac \/ +\b?-4ac +2cx ](3 \/ +\b%-4ac +2cx
c

c (a+bx+cx? 1

b2-d4ac

bZ 4ac b2 4ac

Rule1.2.1.2.83:1f b2-4ac+0 A cd’-bde+ae?+0@ A2cd-be+0 A m = %,then

X —
Va+bx+cx? N e o2 2¢ (drex)
a+bx+cx
2cd-be-er/b’>-4ac

(d+ex)"

c (a+bx+cx?)

b’>-4ac
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m

2 2ev/b%-4ac x?
VB aaC (deexr | -Elbmerl R —
(d+ex) b2-4ac [J 2cd-be-e/b*-4ac b+Vb%2-4ac +2cx
N

Subst dx, X, ]
m

1-x2 2Vb2-4ac
2cd-be-ey/b*-4ac

Rule1.2.1.2.83:1f cd?+aeZ+0 A m? = %,then

. (d+ex)m 1+i ( c (d+ex) )"'
(d + ex) V a J cd-aevV-c/a
dx dx
)m

e —
4/ 2 A/ 2 [_c(drex)
a+cx a+cx ( avc
a

cd-aeV-c/a
2av-c/a (d+ex)"‘.\,1+cTXZ (1+“e— ‘/-U“Z)m
d-ae-c/
— Subst[J o e dx, X,

A/ 2 c (d+ex) m
C a+CX ( )
cd-aeV-c/a

2

1-x

Program code:

Int[(d_.+e_.*x_)"m_/Sqrt[a_.+b_.*x_+c_.*x_"2],x_Symbol] :=
2xRt[b”2-4xaxc,2] x (d+exXx) *mxSqrt[-c* (a+bxx+c*x”*2) / (b”2-4xaxc) ]/
(cxSqrt[a+bxx+cxx"2] * (2*xC* (d+exX) / (2xcxd-bxe-exRt [b*2-4xaxc,2]) ) m) *
Subst[Int[ (1+2xexRt [b*2-4xaxc,2] *x*2/ (2xcxd-bxe-exRt [b*2-4xaxc,2]) ) m/Sqrt[1-x*2],x],X,
Sqrt[ (b+Rt[b*2-4xaxc,2]+2xCc*X) / (2xRt [b*2-4xaxc,2])]1] /;
FreeQ[{a,b,c,d,e},x] & & NeQ[b”"2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0] &% NeQ[2xcxd-bxe,0] &% EqQ[m"2,1/4]

Int[(d_+e_.*x_)"m_/Sqrt[a_+c_.*x_"2],x_Symbol] :=
2xaxRt[-c/a,2] x (d+exx) *mxSqrt[1+cxx”2/a]/ (c*Sqrt[a+cxx"2] » (Cx (d+exXx) / (cxd-axexRt[-c/a,2]) ) m) %
Subst[Int[ (1+2xaxexRt[-c/a,2] *x"2/ (cxd-axexRt[-c/a,2]) ) m/Sqrt[1-x*2],x],X,Sqrt[ (1-Rt[-c/a,2]*Xx)/2]] /;
FreeQ[{a,c,d,e},x] &% NeQ[c*xd"2+axe”2,0] && EqQ[m"2,1/4]



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

9. J(d+ex)m(a+bx+cx2)pdx whenb?-4ac#0 A cd’-bde+ae?#0 A 2cd-be#@ Am+2p+2==0

1: f(d+ex)m(a+bx+cx2)pdx whenb?-4ac#0 A cd’-bde+ae?#0 A 2cd-be#0 Am+2p+2=2=0 A p>0

Derivation: Quadratic recurrence 2awithA =d,B=e,m=m-1andm+ 2 p + 2 == @ inverted
Rule1.2.1.2.9.1:1f b2-4ac+0 A cd’-bde+ae?+0@ A2cd-be+@ Am+2p+2==0 Ap>0 A p¢Z,then

j(d+ex)'" (a+bx+cx?)Pdx —

+

(d+ex)™* (db-2ae+ (2cd-be) x) (a+bx+cx?)P p(b2-4ac
- ( ) ( ) J.(d+ex)’"+2 (a+bx+cx2)p'1d1x
2(m+1) (cd*-bde+ae?) 2(m+1) (cd®*-bde+ae?)

Program code:

Int[(d_.+e_.*x_)"m_=*(a_.+b_.*Xx_+c_.*x_"2)~p_,x_Symbol] :=
- (d+e*xx) ~ (m+1) * (dxb-2xaxe+ (2xcxd-bxe) xx) » (a+b*x+c*xx"2) *p/ (2% (m+1) * (cxd*2-bxdxe+axe”2)) +
p* (b”2-4xaxc) / (2% (m+1) * (cxd*2-bxdxe+axe”2) ) *xInt[ (d+exx)* (m+2) * (a+bxx+c*x"*2)* (p-1) ,x] /;
FreeQ[{a,b,c,d,e},x] &% NeQ[b”2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0] & & NeQ[2xcxd-bxe,0] & & EqQ[m+2xp+2,0] && GtQ[p,0]

Int[(d_+e_.*x_)"m_=*(a_+C_.*x_"2)"*p_,x_Symbol] :=
- (d+e*xx) A (Mm+1) * (-2xa*xe+ (2xCxd) *X) * (a+C*xx"2) *p/ (2% (m+1) * (cxd*2+axe”2)) -
4xaxcxp/ (2% (m+1) * (cxd*2+axe”2) ) xInt [ (d+e*x)~ (M+2) » (a+Cc*x"2) " (p-1),x] /;
FreeQ[{a,c,d,e},x] && NeQ[cxd"*2+axe”2,0] && EqQ[m+2xp+2,0] && GtQ[p,0]

2: J(d+ex)m(a+bx+cx2)pdx whenb?-4ac#0 A cd’>’-bde+ae’?#0 A 2cd-be#@ Am+2p+2=20 A p<-1

Derivation: Quadratic recurrence 2awithA=d,B=e,m=m-landm+2p+2 -=-0
Rule1.2.1.2.9.2:1f b>-4ac+0 A cd’-bde+ae?+0@ A 2cd-be+@ Am+2p+2==0 A p< -1,then

J(d+ex)"‘ (a+bx+cx*)Pdx —



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

(d+ex)™* (db-2ae+ (2cd-be) x) (a+bx+cx2)p+1 2(2p+3) (cd’-bde+ae?)

J‘(d+ex)""2 (a+bx+cx2)p*1dlx
(p+1) (*-4ac) (p+1) (b*-4ac)

Program code:

Int[(d_.+e_.*x_)"m_=*(a_.+b_.*x_+C_.*x_"2)"p_,x_Symbol] :=
(d+exx)~ (m-1) * (dxb-2xaxe+ (2xcxd-bxe) xX) x (a+bxx+Cc*x”2) A (p+1) / ((p+1) = (b*2-4xaxc)) -
2% (2xp+3) * (cxd*2-bxdxe+axe”2) / ((p+1) » (b*2-4xaxc) ) xInt[ (d+exx)” (m-2) x (a+bxx+Ccxx"2) " (p+1) ,x] /;
FreeQ[{a,b,c,d,e},x] & & NeQ[b”"2-4xaxc,0] && NeQ[c*d*2-bxdxe+axe”2,0] &% NeQ[2xcxd-bxe,0] &% EqQ[m+2xp+2,0] && LtQ[p,-1]

Int[(d_+e_.*x_)"m_x(a_+C_.*Xx_"2)"p_,x_Symbol] :=

(d+exx)~ (m-1) * (axe-cxd*X) * (a+CxX*2) * (p+1) / (2*xaxCx (p+1)) +

(2%p+3) * (cxd*2+axe”2) / (2xaxCx (p+1) ) *Int [ (d+exx) ~ (M-2) * (a+Cxx"*2) A (p+1) ,x] /;
FreeQ[{a,c,d,e},x] && NeQ[cxd"*2+axe”2,0] &% EqQ[m+2xp+2,0] && LtQ[p,-1]

1
S:J dx whenb?-4ac#0 A 2cd-be#0
(d + ex)

Va+bx+cx?

Reference: G&R 2.266.1, CRC 258
Reference: G&R 2.266.3, CRC 259

Derivation: Integration by substitution

BaS|S: 1 - —ZSUbSt[ - 1 —, X, 2ae-bd-(2cd-be) x] Oy 2ae-bd-(2cd-be) x
(d+e x) "\ a+b x+c x? 4cdi-abdessaei-x A a+b x+c x2 A a+b x+c x2
Rule1.2.1.2.9.3:1f b>-4ac+0 A 2cd-be + 0,then
1 1 2ae-bd-(2cd-be) x
J dx — -2 Subst[J - —— ax, x, ]
(d+ex) Va+bx+cx? 4cd°-4bde+dae’-x Va+bx+cx?

Program code:

Int[1/((d_.+e_.xx_)*Sqrt[a_.+b_.*x_+c_.*x_"2]),x_Symbol] :=
-2%Subst [Int[1/ (4xcxd*2-4xbxdxe+4xaxe”2-x"2) ,X],X, (2xaxe-bxd- (2xcxd-bxe) xx) /Sqrt [a+bxXx+c*x*2]] /;
FreeQ[{a,b,c,d,e},x] && NeQ[b”2-4xaxc,0] &% NeQ[2xcxd-bxe,0]
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Int[1/ ((d_+e_.*x_)*Sqrt[a_+c_.*x_"2]),x_Symbol] :=
-Subst[Int[1/ (cxd*2+axe”2-x"2),x],X, (axe-cxdxXx) /Sqrt[a+cxx*2]] /;
FreeQ[{a,c,d,e},x]

4: f(d+ex)"'(a+bx+cx2)pdlx whenb?-4ac#0 A cd>-bde+ae?#0 A 2cd-be#@ Am+2p+2==0

Rule1.2.1.2.9.4:1f b>-4ac+0 A cd’-bde+ae?+0@ A2cd-be+@ Ape¢Z Am+2p+2-=0,then

J\(d+ex)’" (a+bx+cx?)?Pdx —

(b—Vb2—4ac +2cx) (d+ex)™! (a+bx+cx?)P

[ch—be+e\/b2—4ac ] [b+\/b2—4ac +2cx]

(m+1) (2cd—be+e b2_4aC) [[ch_be_e\/bz_“ac][b_\/bz_“cmx]

4cVb%?-4ac (d+ex)
(2cd—be—e‘\/b2—4ac) (b—‘Vb2—4ac +2cx)

Hypergeometric2F1 [m +1, -p, m+2, -

]

Program code:

Int[(d_.+e_.*x_)"™m_=*(a_.+b_.*x_+C_.*x_"2)"p_,x_Symbol] :=
- (b-Rt[b”*2-4%xaxCc,2] +2xC*X) * (d+e*X) * (m+1) * (a+bxXx+Cc*x"*2) *p/
((m+1) * (2%xcxd-bxe+exRt [b*2-4xaxc,2])
((2*cxd-bxe+exRt [b*2-4xaxc,2]) * (b+Rt[b*2-4xaxc,2] +2xCc*X) / ((2*cxd-bxe-exRt [b”2-4xaxc,2]) x (b-Rt[b"2-4xa*xC,2] +2xCxX)) ) p) *
Hypergeometric2F1[m+1,-p,m+2,-4xcxRt [b*2-4xaxCc,2] * (d+exx) / ((2xcxd-bxe-exRt [b*2-4xaxCc,2]) » (b-Rt[b”2-4xaxc,2] +2xCcxXx))] /;
FreeQ[{a,b,c,d,e,m,p},x] & NeQ[b"2-4xaxc,0] && NeQ[cxd"*2-bxdxe+axe”2,0] & NeQ[2xcxd-bxe,0] && Not[IntegerQ[p]] && EqQ[m+2xp+2,0]

Int[(d_+e_.*x_)"m_*(a_+C_.*x_"2)"*p_,x_Symbol] :=
(Rt[-a*c,2] -c*X) » (d+exXx) * (m+1) * (a+C*x"*2) *p/
((m+1) * (cxd+exRt[-a*c,2]) » ( (cxd+exRt[-axc,2]) * (Rt[-axc,2] +cxXx) / ((cxd-exRt[-a*xc,2]) * (-Rt[-axc,2] +cxX)) ) p) *
Hypergeometric2F1[m+1,-p,m+2,2xcxRt[-a*c,2] * (d+exx) / ((cxd-exRt[-axc,2]) » (Rt [-a*»c,2]-cx*Xx))] /;
FreeQ[{a,c,d,e,m,p},x] &% NeQ[cxd"2+axe”2,0] &% Not[IntegerQ[p]] && EqQ[m+2xp+2,0]
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10. j(d+ex)'“(a+bx+cx2)pd1x whenb?-4ac#0 A cd’-bde+ae?#0 A 2cd-be#@ Am+2p+3==0

1: J(d+ex)m(a+bx+cx2)pdx whenb?-4ac#0 A cd’-bde+ae?#0 A 2cd-be#0 Am+2p+3==0 A p<-1

Derivation: Quadratic recurrence 2awithA = 1,B=0@andm+ 2 p + 3 ==
Rule1.2.1.2.10.1:If b?>-4ac+0 A cd’-bde+ae?+0 A2cd-be+@ Am+2p+3==0 A p< -1,then

j(d+ex)'" (a+bx+cx?)Pdx —

(d+ex)" (b+2cx) (a+bx+cx2)p+:l m(2cd-be)
+

(p+1) (b*-4ac) (p+1) (b*-4ac

] J‘(d+ex)'"‘1 (a+bx+cx2)p+1dlx

Program code:

Int[(d_.+e_.*x_)"m_=*(a_.+b_.*Xx_+c_.*x_"2)~p_,x_Symbol] :=
(d+exx) “m* (b+2xcxX) * (a+b*x+c*x"2) * (p+1) / ((p+1) * (b*2-4xaxc)) +
mx (2xcxd-bxe) / ((p+1) * (b*2-4xaxc) ) *Int[ (d+exx)” (m-1) » (a+bxx+c*x"2) * (p+1),x] /;
FreeQ[{a,b,c,d,e,m,p},x] & & NeQ[b"2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0] & NeQ[2xcxd-bxe,0] &% EqQ[m+2xp+3,0] && LtQ[p,-1]

Int[(d_+e_.*x_)"m_=*(a_+C_.*x_"2)"*p_,x_Symbol] :=

- (d+e*xX) “m* (2*xC*X) * (a+C*Xx*2) ~ (p+1) / (4*xaxc* (p+1)) -

mx (2xCc*d) / (4*a*xc* (p+1) ) *Int[ (d+exx) (m-1) * (a+Cc*x"2) ~ (p+1) ,x] /;
FreeQ[{a,c,d,e,m,p},x] && NeQ[cxd"2+axe”~2,0] && EqQ[m+2xp+3,0] && LtQ[p,-1]

2: J(d+ex)m(a+bx+cx2)pdx whenb?-4ac#0 A cd’>’-bde+ae’?#0 A 2cd-be#@ Am+2p+3=0 A pt-1

Reference: G&R 2.176, CRC 123
Derivation: Quadratic recurrence 3bwithA =1,B=0andm+2p + 3 =
Rule1.2.1.2.10.2:1f b2-4ac+0 A cd*>-bde+ae’?+0 A2cd-be+@ Am+2p+3==0 A p ¢ -1,then

j(d+ex)'" (a+bx+cx?)?Pdx —



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

e (d+ex)™?! (a+bx+cx2)p+1

(2cd-be)
+
(m+1) (cd’-bde+ae?) 2 (cd’-bde+ae?)

J(d+ex)m*1 (a+bx+cx?)Pdx

Program code:

Int[(d_.+e_.*x_)"m_=*(a_.+b_.*x_+C_.*x_"2)"p_,x_Symbol] :=
ex (d+exx)~ (m+1) x (a+bxx+c*x"2)~ (p+1) / ((m+1) * (cxd*2-bxdxe+axe”2)) +
(2xcxd-bxe) / (2% (cxd*2-bxdxe+axe”2) ) *xInt[ (d+exx) (m+1) * (a+bxx+c*xx"2) *p,x] /;
FreeQ[{a,b,c,d,e,m,p},x] && NeQ[b"2-4xaxc,0] &% NeQ[c*d"2-bxdxe+axe”2,0] &% NeQ[2xcxd-bxe,0] &% EqQ[m+2xp+3,0]

Int[(d_+e_.*x_)"m_x(a_+C_.*Xx_"2)"p_,x_Symbol] :=
ex (d+exx) A (m+1) » (a+Cc*x"2) A (p+1) / ((M+1) » (cxd”*2+axe”2)) +
cxd/ (cxd*2+axe”2) xInt[ (d+exx)~ (m+1) x (a+C*x*2) *p,x] /;
FreeQ[{a,c,d,e,m,p},x] && NeQ[cxd*2+axe”2,0] && EqQ[m+2xp+3,0]

11. J(d+ex)m(a+bx+cx2)pdx whenb?-4ac#0 A cd’-bde+ae?#0 A 2cd-be#0 A p>0

1: J(d+ex)"‘(a+bx+cx2)"d1x whenb?-4ac#0 A cd’-bde+ae?#0 A 2cd-be#@ Ap>0 Am<-1 Am+2p+1¢zZ-

Derivation: Quadratic recurrence lawithA =1andB = 0

Rule1.2.1.2.11.1:If b?-4ac+0 A cd’-bde+ae?#+0 A 2cd-be+@ Ap>0 Am<-1Am+2p+1¢z,
then

J(d+ex)’“ (a+bx+cx2)pd1x —

(d+ex)™! (a+bx+cx?)P p .
- J-(d+ex)'“+1 (b+2cx) (a+bx+cx?)P dx
e (m+1) e (m+1)

Program code:

Int[(d_.+e_.*x_)"m_=*(a_.+b_.*X_+c_.*x_"2)~p_,x_Symbol] :=
(d+e*xx)~ (m+1) * (a+bxx+c*x"*2) *p/ (ex (m+1)) -
p/ (ex (m+1) ) *Int [ (d+exx)~ (m+1) * (b+2xCc*X) * (a+bxx+c*x”2)~ (p-1) ,x] /;

FreeQ[{a,b,c,d,e,m},x] && NeQ[b”2-4xaxc,0] && NeQ[cxd"2-bxdxe+axe”2,0] && NeQ[2xcxd-bxe,0] && GtQ[p,0] &&
(IntegerQ[p] || LtQ[m,-1]) &% NeQ[m,-1] &% Not[ILtQ[m+2xp+1,0]] & IntQuadraticQ[a,b,c,d,e,m,p,x]
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Int[(d_+e_.*x_)"m_x(a_+C_.*X_"2)"p_,x_Symbol] :=
(d+exx)~ (m+1) * (a+Cx*x*2) *p/ (ex (m+1)) -
2xcxp/ (ex (m+1) ) »Int [Xx (d+e*xx) * (m+1) » (a+C*x"2) ~ (p-1) ,x] /;
FreeQ[{a,c,d,e,m},x] &% NeQ[cxd"2+axe”2,0] && GtQ[p,0] &&
(IntegerQ[p] || LtQ[m,-1]) && NeQ[m,-1] && Not[ILtQ[m+2xp+1,0]] && IntQuadraticQ[a,®,c,d,e,m,p,x]

2: J(d+ex)’“(a+bx+cxz)pdlx whenb?-4ac#0 A cd’-bde+ae?#0 A 2cd-be#@ A p>0 Am+2p¢zZ”

Derivation: Quadratic recurrence 1lb withA = 1andB = ©
Derivation: Quadratic recurrence lawithA =d,B=eandm=m-1

Rule1.2.1.2.11.2:If b>-4ac+0 A cd’>-bde+ae?+0 A2cd-be+@ Ap>0 Am+2p¢Z,then

j(d+ex)"‘ (a+bx+cx?)?dx —

(d +ex)™? (a+bx+cx2)p p 1

- J‘(d+ex)'“(bd—2ae+(2cd—be)x) (a+bx+cx?)?
e(m+2p+1) e(m+2p+1)

dx

Program code:

Int[(d_.+e_.*x_)"m_x*(a_.+b_.*Xx_+c_.*x_"2)~p_,x_Symbol] :=
(d+exx) * (m+1) * (a+bxX+Cc*x*2) *p/ (ex (Mm+2%xp+1)) -
p/ (ex (m+2xp+1) ) xInt [ (d+exx) *mxSimp [bxd-2xaxe+ (2xcxd-bxe) xXx,X] * (a+bxx+cxx"2)~ (p-1) ,x] /3
FreeQ[{a,b,c,d,e,m},x] && NeQ[b”"2-4xaxc,0] && NeQ[cxd"2-bxdxe+axe”2,0] && NeQ[2xcxd-bxe,0] && GtQ[p,0] &&
NeQ[m+2+p+1,0] & (Not[RationalQ[m]] || LtQ[m,1]) && Not[ILtQ[m+2xp,@]] & IntQuadraticQ[a,b,c,d,e,m,p,x]

Int[(d_+e_.*x_)"m_=*(a_+C_.*x_"2)"*p_,x_Symbol] :=
(d+exx)~ (m+1) * (a+C*Xx"2) *p/ (ex (m+2xp+1)) +
2xp/ (ex (m+2xp+1)) *Int[ (d+exx) *mxSimp [axe-c*xd*X,X] * (a+Cx*Xx*2) ~ (p-1) ,x] /5
FreeQ[{a,c,d,e,m},x] && NeQ[cxd"2+axe”2,0] && GtQ[p,0] &&
NeQ[m+2#p+1,0] & (Not[RationalQ[m]] || LtQ[m,1]) && Not[ILtQ[m+2xp,@]] & IntQuadraticQ[a,@,c,d,e,m,p,x]
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12. J(d+ex)m(a+bx+cx2)pdx whenb?-4ac#0 A cd’-bde+ae?#0 A 2cd-be#0 A p<-1
1. J(d+ex)m(a+bx+cx2)pdx whenb?-4ac#0 A cd’>’-bde+ae?#0 A 2cd-be#@ A p<-1Am>0

1: J(d+ex)m(a+bx+cx2)pdx whenb?-4ac#0 A cd®>-bde+ae?#0 A 2cd-be#0 A p<-1 A0B<m<1

Derivation: Quadratic recurrence 2awithA = 1andB = @
Derivation: Quadratic recurrence 2b withA =d,B=eandm=m-1

Rule 1.2.1.2.12.1.1:I1f b>-4ac+0 A cd’-bde+ae?+@ A2cd-be+@ Ap<-1A0<mc<1,then

f(d+ex)'" (a+bx+cx?)Pdx —

(d+ex)™ (b+2cx) (a+bx+cx2)p+1 1
m-1 2\ p+1
- j(d+ex) (bem+2cd (2p+3) +2ce (m+2p+3) x) (a+bx+cx?)P dx
(p+1) (b*-4ac) (p+1) (b*-4ac)

Program code:

Int[(d_.+e_.*x_)"m_=*(a_.+b_.*Xx_+c_.*x_"2)~p_,x_Symbol] :=

(d+e*x) *mx (b+2%xc*X) * (a+bx*x+c*x*2) A (p+1) / ( (p+1) » (b*2-4xaxc)) -

1/ ((p+1) * (b”"2-4xaxc) ) *Int[ (d+exx) (m-1) * (bxexm+2xcxd* (2xp+3) +2xC*xe* (M+2xp+3) *X) * (a+bxx+Cc*xx"2)* (p+1) ,x] /;
FreeQ[{a,b,c,d,e},x] & & NeQ[b”"2-4xaxc,0] && NeQ[c*d*2-bxdxe+axe”2,0] &% NeQ[2xcxd-bxe,0] &&

LtQ[p,-1] && GtQ[m,0] && (LtQ[m,1] || ILtQ[m+2xp+3,0] &% NeQ[m,2]) && IntQuadraticQ[a,b,c,d,e,m,p,x]

Int[(d_+e_.*x_)"m_=*(a_+C_.*x_"2)"*p_,x_Symbol] :=
-X* (d+exX) *mx (a+Cc*Xx"2) * (p+1) / (2%xa* (p+1)) +
1/ (2%ax (p+1) ) *Int [ (d+exx) " (M-1) » (d* (2xp+3) +e* (M+2xp+3) *X) *» (a+C*x"2) ~ (p+1) ,X] /;
FreeQ[{a,c,d,e},x] && NeQ[cxd"*2+axe”2,0] &&
LtQ[p,-1] && GtQ[m,0] && (LtQ[m,1] || ILtQ[m+2xp+3,0] & NeQ[m,2]) && IntQuadraticQ[a,®,c,d,e,m,p,Xx]
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2: J(d+ex)m(a+bx+cx2)pdx whenb?-4ac#0 A cd?>-bde+ae?#0 A 2cd-be#0 Ap<-1 Am>1

Derivation: Quadratic recurrence 2awithA =d,B=eandm=m-1

Rule1.2.1.2.12.1.2:1f b>-4ac+0 A cd*>-bde+ae?+0@ A2cd-be+@ Ap<-1Am>1,then

J(d+ex)’" (a+bx+cx2)pd1x —

(d+ex)™* (db-2ae+ (2cd-be) x) (a+bx+cx2)'°+1

+

(p+1) (b*-4ac)
1

oot (4 )J(d+ex)m‘2(e(2ae(m—1)+bd(2p—m+4))—2cd2(2p+3)+e(be—2dc) (m+2p+2)x) (a+bx+cx2)F’*1dlx
p+ -4ac

Program code:

Int[(d_.+e_.*x_)"m_x*(a_.+b_.*x_+c_.*x_"2)~p_,x_Symbol] :=
(d+exx)~ (m-1) * (dxb-2xaxe+ (2xcxd-bxe) *x) » (a+bxx+c*x"2)~ (p+1) / ((p+1) » (b*2-4%axc)) +
1/ ((p+1) * (b*2-4xaxc) ) *
Int[ (d+exx)”(m-2) *
Simp[ex (2xa%xex (m-1) +bxd* (2xp-m+4) ) -2xC*xd"2% (2xp+3) +€x (bxe-2xd*C) x* (M+2*p+2) *X,X] *
(a+brx+c*x*2) ~ (p+1) ,x]| /;
FreeQ[{a,b,c,d,e},x] & & NeQ[b”"2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0] && NeQ[2xcxd-bxe,0] &% LtQ[p,-1] && GtQ[m,1] &_& IntQuadraticQ[a,b,c,d,e,m,}

Int[(d_+e_.xx_)"m_=*(a_+C_.*x_"2)"*p_,x_Symbol] :=
(d+e*xx)~ (m-1) * (axe-cxd*X) * (a+C*Xx*2) ~ (p+1) / (2*axc* (p+1)) +
1/ ((p+1l) * (-2%xaxC) ) *
Int [ (d+exx) " (m-2) xSimp [axe 2x (M-1) -C#d"2x (2xp+3) ~d#Cxex (M+2%P+2) X, X] * (a+C*X 2) ~ (p+1) ,X]| /;
FreeQ[{a,c,d,e},x] && NeQ[cxd*2+axe”2,0] && LtQ[p,-1] && GtQ[m,1] && IntQuadraticQ[a,@,c,d,e,m,p,X]



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

2: J(d+ex)m(a+bx+cx2)pdx whenb?-4ac#0 A cd’-bde+ae?#0 A 2cd-be#0 A p<-1

Derivation: Quadratic recurrence 2b with A = 1andB = 0
Rule1.2.1.2.12.2:1f b2-4ac+0 A cd’>-bde+ae?#0 A2cd-be+0 A p<-1,then

J(d+ex)’" (a+bx+cx2)pd1x —

(d+ex)™! (bcd-b*e+2ace+c (2cd-be) x) (a+bx+cx2)ID+1 1

(p+1) (b*-4ac) (cd’-bde+ae?) : (p+1) (b*-4ac) (cd’-bde+ae?) .

J}d+exﬂ(bcde(2p-m+2)+b2é(m+p+2)-2c2¥(2p+3)—2ace2(m+2p+3)—ce(2cd—be)(M+2P+4)X)(a+bX+CXﬂpﬂdX

Program code:

Int[(d_.+e_.*x_)"m_=*(a_.+b_.*X_+C_.*x_"2)"p_,x_Symbol]

(d+exx)~ (m+1) * (bxcxd-b 2xe+2xaxcxe+C* (2xCxd-bxe) xx) » (a+bxx+cxx*2) ~ (p+1) / ( (p+1) * (b*2-4xa*c) » (cxd*2-bxdxe+axe”2)) +
1/ ((p+1) » (b"2-4xa*c) * (cxd*2-bxdxe+axe”2)) %
Int[ (d+exx)~mx

Simp [bxcxdxex (2xp-m+2) +b"2xe”2x (M+p+2) -2*C 2%d 2% (2xp+3) ~2*xa*xC*x€” 2% (M+2xp+3) ~Cxex (2xCxd-bxe) * (M+2xp+4) *X,X] *
(a+brx+cxx*2) ~ (p+1) ,x]| /;

FreeQ[{a,b,c,d,e,m},x] &% NeQ[b"2-4xaxc,0] & & NeQ[cxd*2-bxdxe+axe”~2,0] && NeQ[2xcxd-bxe,0] && LtQ[p,-1] && IntQuadraticQ[a,b,c,d,e,m,p,Xx]

Int[(d_+e_.*x_)"m_=*(a_+C_.*x_"2)"p_,x_Symbol]

- (d+exx) A (m+1) * (axe+Cc*xdxX) * (a+C*X"2) * (p+1) / (2%xa* (p+1) x (cxd"2+axe”2)) +
1/ (2*%ax (p+1) * (cxd*2+axe”2)) *

Int [ (d+exX) *mxSimp [c*d”2x (2xp+3) +axe” 2% (M+2%xp+3) +Cx€xd* (M+2xp+4) xX,X] * (a+C*X"*2) " (p+1) ,x] /3
FreeQ[{a,c,d,e,m},x] && NeQ[cxd*2+axe”2,0] && LtQ[p,-1] && IntQuadraticQ[a,®,c,d,e,m,p,Xx]
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13: J(d+ex)m(a+bx+cx2)pdx whenb?-4ac#0 A cd’-bde+ae?#0 A 2cd-be#@ Am>1 Am+2p+1#0

Reference: G&R 2.160.3, G&R 2.174.1, CRC 119
Derivation: Quadratic recurrence 3awithA =d,B=eandm=m-1
Note: G&R 2.174.1 is a special case of G&R 2.160.3.

Rule1.2.1.2.13:If b?>-4ac+0 A cd’-bde+ae?+0 A2cd-be+@ Am>1Am+2p+1+0,then

f(d+ex)'" (a+bx+cx?)Pdx —

e(d+ex)™? (a+bx+cx2)p+1

1
+ J\(d+ex)""2 (cd* (m+2p+1) -e(ae(m-1) +bd (p+1)) +e (2cd-be) (m+p) x) (a+bx+cx?)Pdx
c(m+2p+1) c(m+2p+1)

Program code:

Int[(d_.+e_.*x_)"m_=*(a_.+b_.*x_+C_.*x_"2)"p_,x_Symbol] :=
ex (d+exx) A (m-1) » (a+b*x+Cc*x"2) ~ (p+1) / (C* (M+2xp+1)) +
1/ (c* (m+2%xp+1) ) *»
Int[ (d+exx) " (m-2) *
Simp[c*d*2x (m+2xp+1) —ex (axex (M-1) +bxdx (p+1) ) +ex (2xCxd-bxe) x (m+p) *X,X] *
(a+bsx+cxx~2)~p,x] /;
FreeQ[{a,b,c,d,e,m,p},x] & & NeQ[b"2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0] & NeQ[2xcxd-bxe,0] &&
If[RationalQ[m], GtQ[m,1], SumSimplerQ[m,-2]] && NeQ[m+2xp+1,0] && IntQuadraticQ[a,b,c,d,e,m,p,X]

Int[(d_+e_.*x_)"m_*(a_+C_.*x_"2)"*p_,x_Symbol] :=
ex (d+exx)~ (m-1) * (a+Cc*x*2) ~ (p+1) / (c* (m+2xp+1)) +
1/ (cx (M+2%p+1) ) *
Int [ (d+exx) " (M-2) xSimp [Cxd 2x (M+24p+1) —axe 2x (M-1) +2xCxdxex (M+p) *X,X] * (a+CxXx"2) *p,X] /;
FreeQ[{a,c,d,e,m,p},x] && NeQ[cxd"2+axe”2,0] &&
If[RationalQ[m], GtQ[m,1], SumSimplerQ[m,-2]] && NeQ[m+2xp+1,0] && IntQuadraticQ[a,®,c,d,e,m,p,X]
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14: J(d+ex)m(a+bx+cx2)pdx whenb?-4ac#0 A cd’-bde+ae?#0 A 2cd-be#0 A m<-1

Reference: G&R 2.176, CRC 123
Derivation: Quadratic recurrence 3b withA = 1andB = 0

Rule1.2.1.2.14:1f b>-4ac+0 A cd’>-bde+ae?+0@ A2cd-be+0 A m< -1,then

J(d+ex)"‘ (a+bx+cx*)?dx —

e (d+ex)™?! (a+bx+cx2)p+1

+

(m+1) (cd®*-bde+ae?)
1

(d+ex)™ (cd(m+1) -be (m+p+2) -ce (m+2p+3)x) (a+bx+cx?)’dx
(m+1) (cd’-bde+ae?)

Program code:

Int[(d_.+e_.*x_)"m_x*(a_.+b_.*x_+c_.*x_"2)~p_,x_Symbol] :=
ex (d+exx)~ (m+1) * (a+bxx+c*x"2)~ (p+1) / ((m+1) * (cxd*2-bxdxe+axe”2)) +
1/ ((m+1l) » (cxd*2-bxdxe+axe”2))
Int[ (d+exx) " (m+1) +Simp[Cxd# (M+1) —bxex (M+p+2) ~Cxex (M+24p+3) *X,X] * (@+bxx+cxx*2) *p,x]| /;
FreeQ[{a,b,c,d,e,m,p},x] & NeQ[b”"2-4xaxc,0] && NeQ[cxd"*2-bxdxe+axe”2,0] && NeQ[2xcxd-bxe,0] &% NeQ[m,-1] &&
(LtQ[m,-1] && IntQuadraticQ[a,b,c,d,e,m,p,x] || SumSimplerQ[m,1] & IntegerQ[p] || ILtQ[Simplify[m+2+p+3],0])

Int[(d_+e_.*x_)"m_=*(a_+C_.*x_"2)"p_,x_Symbol] :=
ex (d+exx)~ (m+1) * (a+Cc*x*2) ~ (p+1) / ((m+1) » (cxd*2+axe”2)) +
c/ ((m+l) * (cxd*2+axe”2)) *
Int [ (d+exx)~ (m+1) *Simp [dx (M+1) —-e* (M+2*pP+3) *X,X] * (a+C*X"2) "p,x] /5
FreeQ[{a,c,d,e,m,p},x] && NeQ[cxd"2+axe”2,0] && NeQ[m,-1] &&
(LtQ[m,-1] && IntQuadraticQ[a,®,c,d,e,m,p,x] || SumSimplerQ[m,1] & IntegerQ[p] || ILtQ[Simplify[m+2+p+3],0])

(a+bx+cx?)?
15. j—dlx whenb?-4ac#0 A cd>-bde+ae’?#0 A 2cd-be#0 A 4pez
d+ex



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

(a+cx2)p
1. J—dlx whencd?+ae?#0 A 4pez
d+ex
1
1:J dx when cd?> +ae?+0
(d +ex) (a+cxz)1/4

Derivation: Algebraic expansion

Basis: 21— .. 4 _ _ex
d+e x

d2-e? x? d2-e? x?

Rule 1.2.1.2.15.1.1: If c d? + a e? # O, then

1

J- = dx — dj dlx—ej X
(d +ex) (a+cx2)1/4 (d? - e2x?) (a+cx2)1/4 (d? - e2x?) (a+cx2)1/4

dx

Program code:

Int[1/((d_+e_.*Xx_)#*(a_+c_.*x_"2)"(1/4)),x_Symbol] :=
dxInt[1/ ((d*2-e”2xX"2) % (a+C*X"2) " (1/4)),x] - exInt[x/ ((d*2-e”2xx"2)x (a+Cxx"2)"~(1/4)),x] /;
FreeQ[{a,c,d,e},x] && NeQ[cxd*2+axe”2,0]
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

1
Z:J- dx when cd®> +ae?#0
(d +ex) (a+cx2)‘:”4

Derivation: Algebraic expansion

Basis: *+— - 4 _ _ex_

d+e x d?-e? x? d?-e? x?

Rule 1.2.1.2.15.1.2: If c d?> + a e? # O, then

1

X

J ! dx — dj dlx—ej
(d + ex) (a+cx2)3/4 (d? - e x?) (a+cx2)3/4 (d? - e x?

Program code:

Int[1/((d_+e_.*Xx_)*(a_+C_.*x_"2)"(3/4)),x_Symbol] :=
d+Int[1/ ((d*2-e72xX"2) % (a+C*X 2)~(3/4)),x] - exInt[x/ ((d*2-e”2xX"2)x (a+CxX 2)~(3/4)),x] /;
FreeQ[{a,c,d,e},x] && NeQ[cxd*2+axe”2,0]

) (a+cx?

)3/4

dx
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

p

(a+bx+cx2)
2. J—dlx whenb?-4ac#0 A cd’-bde+ae’?#0 A 2cd-be#0 A 4pez
d+ex

. J-(a+bx+cx2)p

dx when4a—bc—z>0 Adpez
d+ex

Derivation: Integration by substitution

. 2 2
Basis: If 4 a - b? > 0, then (a+bx+cx?)PF[x] = WSubst[(l— bz_’;ac)PF[—L+2x—c], X, b+2cx] 8 (b+2cXx)

2c
Rule1.2.1.2.152.1:1f 4a - 2 > @ A 4p e 7, then

2 p
b 2\p  E— S
J(d—)d . ﬁswstq%m, o bezex]
+ex —4c 2cd-be+ex

“b2-dac

Program code:

Int[(a_.+b_.*x_+c_.*x_"2)"p_/(d_.+e_.*x_),x_Symbol] :=
1/ (-4%c/ (b*2-4xaxc)) "p»Subst [Int[Simp [1-x"2/ (b*2-4xaxc) ,X] "p/Simp[2+c+d-bxe+exX,X],X],X,b+2xcxx] /;
FreeQ[{a,b,c,d,e,p},x] & GtQ[4xa-b"2/c,0] && IntegerQ[4xp]
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

a+bx+cx b2
2: J d1xwhen4a-—}0/\4pez
d+ex <

Derivation: Piecewise constant extraction

Basis: a((b—))— "

b2-4ac

Rule1.2.1.2.15.2.2:1f 4a- 2 3 @ A 4p e 7, then

2 x2

b’-4ac

’

ac bcx

(a+bx+cx?)? (a+bx+cx?)? (_b2_4ac_bz_4ac
—dx —

d+ex ( c1a+bx+cx2))P d+ex

b*-4ac

Program code:

Int[(a_.+b_.*x_+C_.*x_"2)"p_/(d_.+e_.*Xx_),x_Symbol] :=
(a+bxx+c*x"2) *p/ (-c* (a+bxx+c*x"2) / (b~2-4xaxc) ) *p*
Int[ (-a*c/ (b”2-4xaxc) -bxcxx/ (b”"2-4xaxc) -c*2xx*2/ (b”"2-4xaxc) ) *p/ (d+exx) ,x] /;
FreeQ[{a,b,c,d,e,p},x] &% Not[GtQ[4*a-b”2/c,0]] & IntegerQ[4xp]

1
16.j dx whenb?-4ac#0 A cd?’-bde+ae?#0 A 2cd-be+#0
(d + ex) (a+bx+cx2)1/

1
1.J dx when2cd-be#0 A c2d’-bcde+b?e?-3ace?-=
(d +ex) (a+bx+cx2)1/3

1

1/3

dx

1: j dx when 2cd-be#0 A c2d’-bcde+b?e?-3ace?==0 A ce?(2cd-be) >0
(d+ex) (a

+bx+cx?)

Derived from formula for this class of Goursat pseudo-elliptic integrands contributed by Martin Welz on 19 September

2016
) Rule1.2.1.2.16.1.1:1f 2cd-be +0 A c?2d? -bcde+b%2e?2-3ace?-=-0 A ce?
q- (3ce’ (2cd—be))1/3,then

(2cd-be) >0,let
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

1
dx —
(d + ex) (a+bx+cx2)1/3

\/?ceAr‘cTan[L —2fedbecex)

V3 q (arbxrcx?) ¥ 3ceLog[d+ex] 3ceLog[cd—be—cex—q(a+bX+CX2)1/3]
+

2

q 2¢? 2¢?

2,2\1/3
Rule1.2.1.2.16.1.1:If cd®>-3ae? == 9, letq > (“;—f) , then
1
dx —
J(d+ex) (a+cx2)1/3
2c (d-ex)
V3 cearctan| 2= «/_ «/_dq(a+cx)“3] 3celog[d+ex] 3celog[cd-cex-dgq (a+cx?)*?]
- - +
qu 2d2q2 2d2q2

Program code:

Int[1/((d_.+e_.*x_)*(a_+b_.*x_+c_.*x_"2)"~(1/3)),x_Symbol] :=
With[{q=Rt[3xcxe 2% (2xcxd-bxe),3]},
-Sgrt[3]*cxexArcTan[1/Sqrt[3] +2x (cxd-bxe-cxexXx) / (Sqrt[3] *qx* (a+bxx+cxx”2)”(1/3))]1/9"2 -
3xcxexLog[d+exx]/ (2xq"2) +
3xcxexLog[cxd-bxe-cxexx-qx (a+bxx+cxx*2)~(1/3) 1/ (2xq*2)] /;
FreeQ[{a,b,c,d,e},x] &% NeQ[2xcxd-bxe,0] && EqQ[c*2xd"2-bxcxdxe+b”2xe”2-3xaxc+e”2,0] && PosQ[cxe”2x (2xcxd-bxe) ]

Int[1/((d_+e_.*Xx_)#*(a_+c_.*x_"2)"(1/3)),x_Symbol] :=
With[{q=Rt[6*c"2xe”2/d"2,3]},
-Sqgrt[3] *cxexArcTan[1/Sqrt[3]+2xc* (d-exX) / (Sqrt[3] *d*q* (a+c*x*2)~(1/3)) ]/ (d*2xq"2) -
3xcxexLog[d+exx]/ (2xd"2xq"2) +
3xcxexLog[cxd-cxexx-dxq* (a+Cc*x”2) " (1/3) ]/ (2xd”*2xq"2)] /;
FreeQ[{a,c,d,e},x] && EqQ[c*d"2-3xaxe”2,0]
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p 77

1
2: J dx when2cd-be#0 A c?d’-bcde+b?e?-3ace?==0 A ce? (2cd-be) 30
d+ex) (a+bx+cx2)1/3

Derived from formula for this class of Goursat pseudo-elliptic integrands contributed by Martin Welz on 19 September
2016

Rule1.2.1.2.16.1.2:If 2cd-be + 0 A c?d’-bcde+b’e?-3ace?=0 Ace?(2cd-be) »0,let
q- (-3ce? (2cd—be)>1/3,then
1
dx —
J(d+ex) (a+bx+cx2)1/3

,‘/ c e ArcTan 1 2 (cd-be-cex)
V3 V3 q(asbxecxd)? _3celog[d+ex] 3celog[cd-be-cex+q (a+bx+cx?)
+

1/3]

q® 2¢? 2¢?

Program code:

Int[1/((d_.+e_.*x_)*(a_+b_.*x_+c_.*x_"2)"~(1/3)),x_Symbol] :=
With[{q=Rt[-3*cxe”2x (2xc+d-bxe),3]},
-Sgrt[3]*cxexArcTan[1/Sqrt[3]-2x (cxd-bxe-cxexXx) / (Sqrt[3] *q* (a+bxx+cxx”2)”(1/3))]1/9"2 -
3xcxexLog[d+exx]/ (2xq™2) +
3xcxexLog[cxd-bxe-cxexx+qx (a+bxx+cxx*2)"*(1/3) 1/ (2xq*2)] /;
FreeQ[{a,b,c,d,e},x] & & NeQ[2xcxd-bxe,0] & EqQ[c”2xd"2-bxcxdxe+b”2xe”2-3xaxcxe”2,0] && NegQ[cxe” 2x (2xcxd-bxe) ]

(* Int[1/((d_+e_.*x_)=*(a_+c_.*x_"2)"(1/3)),x_Symbol] :=
With[{gq=Rt[-6xc*2xdxe”2,3]},
-Sqrt[3] xcxexArcTan[1/Sqrt[3]-2% (cxd-cxexXx) / (Sqrt[3]*xqx (a+Cc*xx"2)~(1/3))]1/9"2 -
3xcxexLog[d+exx]/ (2xq"2) +
3xcxexLog[cxd-cxexx+q* (a+Cxx*2)~(1/3)]/(2%xq”2)] /;

FreeQ[{a,c,d,e},x] &% EqQ[c*d"*2-3xaxe”2,0] && NegQ[c"2xdxe”2] =*)

1
2.j dx whenb?-4ac#0 A c2d>-bcde-2b%e?+9ace?-=
(d + ex) (a+bx+cx2)1/3




Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

1
1.J dx whencd?+9ae? =
(d +ex) (a+cx2)1/3
1
1:J dx whencd?>+9ae?=0 A a>0
(d+ex) (a+cx?)?

Derivation: Algebraic expansion
Basis:If cd? +9ae® =0 A a>0,then (a+cx?) = at/3 (1-22x)*7 (1, 2ex)77

d d

Rule 1.2.1.2.16.2.1.1:If cd> + 9ae? == 0 A a > 0, then

1 1
dx — a'/? dx
(d +ex) (a+cx2)1/3 (d +ex) (1—3%)1/3 (1+3:;X)1/3

Program code:

Int[1/((d_+e_.*Xx_)#*(a_+Cc_.*x_"2)"(1/3)),x_Symbol] :=
ar(1/3) *Int[1/ ((d+exXx) * (1-3xexx/d) " (1/3) * (1+3xexx/d)~(1/3)),x] /;
FreeQ[{a,c,d,e},x] &% EqQ[c*d"*2+9xaxe”2,0] && GtQ[a,Q]
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

1
Z:J. dx whencd?>+9ae?==0 A a30
(d +ex) (a+cx2)1/3

Derivation: Piecewise constant extraction

o2\ 13
Basis: axjiT—)— -

(a+c xz)l/3 -

Rule1.2.1.2.16.2.1.2:1f cd? + 9ae? =0 A a 3 0, then

1

2\1/3
1 (1+ %)
dx —
(d+ex) (a+cx?)?? (a+cex?)??

Program code:

Int[1/((d_+e_.*Xx_)*(a_+C_.*x_"2)"(1/3)),x_Symbol] :=
(L+cxx”2/a)”~(1/3) / (a+c*xx*2)~ (1/3) *Int[1/ ( (d+e*X) * (1+c*x~2/a)~(1/3)),x] /;
FreeQ[{a,c,d,e},x] &% EqQ[c*d"2+9xaxe”2,0] && Not[GtQ[a,0]]

(d+ex) (1+ %2)“3

dx
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

1
Z:J- dx whenb?-4ac#0 A c2d’>-bcde-2b%?e?+9ace?==
(d +ex) (a+bx+cx2)1/

Derivation: Piecewise constant extraction
| |
Basis: Let g —» \/b? - 4 a ¢ , then o, {raz2e0 (b-ar2ex?”
(a+bx+c xz)l/3

Rule1.2.1.2.16.2.2:1f b>-4ac+0 A c2d’>-bcde-2b%?e?+9ace?=0,letq->/b?2-4ac,then

J 1 g (b+q+2cx)1/3(b—q+2cx)1/3J~ 1 g
X — X
(d+ex) (a+bx+cx?)? (a+bx+cx?)?? (d+ex) (b+q+2cx)¥3 (b-q+2cx)/3

Program code:

Int[1/((d_.+e_.*X_)*(a_+b_.*x_+c_.*x_"2)"~(1/3)),x_Symbol] :=

With[{q=Rt[b"2-4xa%c,2]},

(b+q+2xc*x) " (1/3) » (b-q+2xCc*x)~ (1/3) / (a+bxx+c*x*2)~ (1/3) *Int[1/ ((d+exX) * (b+q+2xcxXx) " (1/3) » (b-q+2xCc*x) "~ (1/3)),x]] /;
FreeQ[{a,b,c,d,e},x] && NeQ[b*2-4xaxc,0] && EqQ[c”2xd"2-bxcxdxe-2xb*2xe”2+9xaxc*xe”2,0]
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

17: j(d+ex)'“(a+cx2)pdlx when cd*+ae?#@ Ap¢Z Aa>0 A c<®©

Derivation: Algebraic expansion
Basis: If a > @,then (a+cx?)P = (\/?+ \-c x)p (\/3— \-c x)p

Rule1.2.1.2.17:If cd’>+ae?+@ Ap¢Z A a>0 A c < 0,then
j(d+ex)'“ (a+cx®)Pdx — j(d+ex)'“ (\/?+\/Tx)p (\/?-\/?x)pdlx

Program code:

Int[ (d_+e_.*x_)"m_x(a_+C_.*X_"2)"p_,x_Symbol] :=
Int[ (d+exx)m* (Rt[a,2] +Rt[-c,2]*Xx)*px (Rt[a,2]-Rt[-c,2] xx)*p,x] /;
FreeQ[{a,c,d,e,m,p},x] &% NeQ[cxd"2+axe”2,0] &% Not[IntegerQ[p]] && GtQ[a,0] && LtQ[c,0]
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

19. j(d+ex)'“(a+bx+cx2)pd1x whenb?-4ac#0 A cd’-bde+ae?#0 A 2cd-be#0 A p¢zZ
1. J(d+ex)m(a+bx+cx2)pdx whenb?-4ac#0 A cd’>-bde+ae?#0 A 2cd-be#@ Ape¢Z Amez"-

1: J(d+ex)’" (a+cx*)Pdx whencd*+ae’#@ A p¢Z A mezZ"

Derivation: Algebraic expansion

Basis: If m € Z,then (d+ex)" = (4= - 2"

d2-e2 x2 d2-e? x2

Note: Resulting integrands are of the form x» (a+bx?)? (c + dx2)® which are integrable in terms of the Appell hypergeometric
function .

Rule1.2.1.2.18:If cd’+ae?+@ A p¢Z A me Z ,then

d ex -m
J(d+ex)'“ (a+cx?)Pdx — J(a+cx2)PExpandIntegrand[( - ) , x] dx
d?-e?x? d?-e?2x?

Program code:

Int[ (d_+e_.*x_)"m_x(a_+C_.*x_"2)"p_,x_Symbol] :=
Int [ExpandIntegrand[ (a+c*x”"2)"p, (d/ (d*2-e~2xx"2) -exx/ (d*2-e*2xx"2) )" (-m),x],x] /;
FreeQ[{a,c,d,e,p},x] & & NeQ[cxd*2+axe”2,0] && Not[IntegerQ[p]] && ILtQ[m,0]
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

2: J-(d+ex)’“(a+bx+cx2)pdlx whenb?-4ac#0 A cd>-bde+ae?#0 A 2cd-be#@ ApeZ Amez-

Derivation: Piecewise constant extraction and integration by substitution

. 1 2p +b x+c x2)P
Basis: Letq - / b% -4 a c,then oy <e<(g+§}2>cx> ;f ( e)((bj;(c)m E —

c (d+ex) c (d+ex)
-d
B . 'F o _ls b -t L&& 1 @ 1
asis: F[x] == . ubs 2 2 X, d+e x X d+e x

Rule1.2.1.2.19.1:If b>-4ac+0 A cd’-bde+ae?+@ AN2cd-be+@ Ape¢Z Amez,letq>/b*-4ac,
then

J(d+ex)"‘ (a+bx+cx?)Pdx —

dx —

1 2p 2\p e(b-q+2cx))p(e(ba«q+2cx))p
(d+ex) (a+bx+cx) ( c (d+ex) c (d+ex)
(e(b—q+2cx))p(e(b+q+2cx))p (;)m+2p

c (d+e x) c (d+ex) d+ex

( 1 )zlg (a+bx+cx?)?

+ e (b - P e (b+ P 1
_ drex Subst[J‘x‘m‘2 (p+1) (1 - [d - u] x) [1 - [d - u) x) dx, x, ]
e(e(b—q+2cx))p(e(b+q+2cx))p 2cC 2cC d+ex
2c (d+ex) 2c (d+ex)

Program code:

Int[(d_.+e_.*x_)"m_=*(a_.+b_.*x_+C_.*x_"2)"p_,x_Symbol] :=
With[{q=Rt[b*2-4+axc,2]},
-(1/ (d+exx) )" (2xp) * (a+bxX+Cxx*2) *p/ (ex (e*x (b-q+2xCxX) / (2xCx (d+exX) ) ) *p* (ex (b+q+2xC*X) / (2*xC* (d+exX) ) ) *p) »
Subst [Int[x" (-m-2# (p+1))*Simp[1- (d-ex (b-q) / (2xC)) *X,X]"p*Simp[1- (d-ex (b+q) / (2xC) ) *X,X]1"P,X],X,1/ (d+exx) |] /;
FreeQ[{a,b,c,d,e,p},x] && NeQ[b”"2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0] & NeQ[2xcxd-bxe,0] && Not[IntegerQ[p]] && ILtQ[m,0]



Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

2: J(d+ex)'"(a+bx+cx2)pd1x whenb?-4ac#0 A cd>-bde+ae?#0 A 2cd-be#@ A p¢z

Derivation: Piecewise constant extraction and integration by substitution

p
Basis: Letq - /b2 - 4 a ¢ , then &4 (3+bxrcx?) -

d f d ’
+eX +eX
17 die\‘b—q; 17die\‘b7q]

2c 2c

Note:If cd®>-bde+ae?+0andq = \/b2—4ac,thend—e—(zb—flieandd—gzb—iﬂie-
Rule1.2.1.2.19.2:1f b2-4ac+0 A cd’>-bde+ae’?+0 A2cd-be+0 Ape¢zletg—>/b®>-4ac,then

J(d+ex)"‘ (a+bx+cx2)pdlx —

1- d+ebx P 1- d+ebx P
a- ¢-+

(a+bx+cx2)p X ’ X
Subst[ x"[1- 1-
_deex_|° _deex_|° d- £b-a d- ea)
e|l- - 2c 2¢
4 loa) 4 o)
2c 2c

p

dx, X, d+ex]

Program code:

Int[(d_.+e_.*x_)"m_x*(a_.+b_.*Xx_+cC_.*x_"2)"p_,x_Symbol] :=
With[{q=Rt[b*2-4+axc,2]},
(a+bxx+C*x~2) ~p/ (ex (1- (d+exX) / (d-ex (b-q) / (2xC) ) ) ~*p* (1- (d+exx) / (d-e* (b+q) / (2xC) ) ) ~p) *
Subst [Int [x mxSimp[1-x/ (d-ex (b-q) / (2%C)),x] p*Simp[1-Xx/ (d-ex (b+q) / (2xC) ) ,X]*p,X],X,d+exx]|] /;
FreeQ[{a,b,c,d,e,m,p},x] && NeQ[b”2-4xaxc,0] &% NeQ[cxd"2-bxdxe+axe”2,0] & NeQ[2xcxd-bxe,@] & & Not[IntegerQ[p]]
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Rules for integrands of the form (d+e x)"m (a+b x+c x~2)"p

Int[(d_+e_.*x_)"m_x(a_+C_.*X_"2)"p_,x_Symbol] :=
With[{q=Rt[-axc,2]},
(a+c*x"2)*p/ (ex (1- (d+exx) / (d+exq/c) ) *p* (1- (d+exx) / (d-exq/c) ) *p) =
Subst [Int[x m«Simp[1-x/ (d+exq/c),x] p*Simp[1-x/ (d-exq/c),Xx]*p,Xx],X,d+exx]|] /;
FreeQ[{a,c,d,e,m,p},x] &% NeQ[c*d"2+axe”2,0] && Not[IntegerQ[p]]

S: J(d+eu)'“(a+bu+cu2)pd1x when u == f + g x

Derivation: Integration by substitution
Rule 1.2.1.2.S:If u == ¥ + g x, then

1
J\(d+eu)m (a+bu+cu’)?dx — —Subst[J(d+ex)’" (a+bx+cx?)Pdx, x, u]
g

Program code:

Int[(d_.+e_.xu_)"m_.x(a_+b_.xu_+c_.*xu_"2)"p_.,x_Symbol] :=
1/Coe-F-Ficient [u,x,1] *Subst [Int[ (d+e*Xx) *m* (a+bxx+Cc*xx"2) *p,x],x,u] /;
FreeQ[{a,b,c,d,e,m,p},x] && LinearQ[u,x] && NeQ[u,X]

Int[(d_.+e_.xu_)"m_.*(a_+C_.*u_"2)"p_.,x_Symbol] :=
1/Coe-Fficient [u,X,1] *Subst [Int[ (d+e*X) *m* (a+CxX"2) *p,X],X,u] /;
FreeQ[{a,c,d,e,m,p},x] &% LinearQ[u,x] && NeQ[u,Xx]

(* IntQuadraticQ[a,b,c,d,e,m,p,x] returns True iff (d+exx)”mx(a+bxx+cxx~2)”p is integrable wrt x in terms of non-Appell functions. =x)
IntQuadraticQ[a_,b_,c_,d_,e_,m_,p_,x_] :=

IntegerQ[p] || IGtQ[m,0] || IntegersQ[2xm,2xp] || IntegersQ[m,4xp] ||

IntegersQ[m,p+1/3] && (EqQ[c”*2xd*2-bxcxdxe+b”2xe”2-3xaxcxe”2,0] || EqQ[c”2xd"2-bxcxdxe-2xb"2xe”2+9xaxcxe”2,0])
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